
MATH-F-204 Analytical mechanics: Lagrangian and
Hamiltonian formalism

Glenn Barnich

Physique Théorique et Mathématique
Université libre de Bruxelles and International Solvay Institutes

Campus Plaine C.P. 231, B-1050 Bruxelles, Belgique
Bureau 2.O6. 217, E-mail: Glenn.Barnich@ulb.be, Tel: 02 650 58 01

February 22, 2026



Abstract

The aim of the course is an introduction to Lagrangian and Hamiltonian mechanics. The fundamental
equations as well as standard applications of Newtonian mechanics are derived from variational principles.

From a mathematical perspective, the course and exercises (i) constitute an application of differential
and integral calculus (primitives, graphs and functions); (ii) provide examples and explicit solutions of
first and second order systems of differential equations; (iii) give an implicit introduction to differential
manifolds and to realizations of Lie groups and algebras (change of coordinates, parametrization of a rota-
tion, Galilean group, canonical transformations, one-parameter subgroups, infinitesimal transformations).

From a physical viewpoint, explicit and elegant solutions to idealized, but nevertheless concrete prob-
lems are provided. The more formal aspects of the course, such as (i) the covariance of the Lagrangian
formalism under changes of Lagrange coordinates, (ii) symmetries and conservation laws in the form of
Noether’s theorem as applied to Galilean invariance, (iii) canonical transformations in the Hamiltonian
formalism, pave the way for a thorough understanding of the structure of quantum mechanics, both in
its operatorial and path integral formulations, and of field theories with Poincaré invariance or general
relativity.

The course of 30 hours goes hand in hand with 30 hours of exercises. The focus of the course is
the general theoretical setting and abstract developments. Simple examples and concrete applica-
tions of these general concepts are treated during the exercise sessions. A full understanding of the
material requires both of these complementary parts.
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Chapter 1

Extremisation, constraints and Lagrange
multipliers

The purpose of this chapter is to re-derive in the finite-dimensional case standard results on constrained
extremisation so as to motivate and clarify analogous results needed in the functional case. It is based
on chapters II.1, II.2, II.5 of [8]. The discussion on constraints and regularity conditions is taken from
chapter 1 of [11].

1.1 Unconstrained extremisation
The problem consists of finding the extrema (=stationary points) of a function F px1, . . . , xnq of n variables
xa, a “ 1, . . . , n in the interior of a domain. We write the variation of such a function under variations
δxa of the variables xa as

δF “ δxa BF

Bxa
.

Here and throughout, we use the summation convention over repeated indices, δxa BF
Bxa “

řn
a“1 δx

a BF
Bxa .

Since for a collection of functions fapxbq,

faδx
a

“ 0, @δxa
ùñ fa “ 0, (1.1)

it follows that the extrema x̄a are determined by the vanishing of the gradient of F ,

δF “ 0 ðñ
BF

Bxa
|x“x̄ “ 0 . (1.2)

Recall further that the nature (maximum, minimum, saddle point) of each extremum is determined by the
eigenvalues of the matrix

B2F

BxaBxb
|x“x̄. (1.3)

Remark: The geometric interpretation of the LHS of (1.1) is that the vectors f⃗ and δ⃗x are perpendic-
ular (in Euclidean space Rn).

1.2 Constraints and regularity conditions
Very often, one is interested in a problem of extremisation, where the variables xa are subjected to con-
straints, that is to say where r independent relations

Gmpxq “ 0, m “ 1, . . . r, (1.4)
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are supposed to hold. Standard regularity on the functions Gm are that the rank of the matrix BGm

Bxa is r
(locally, in a neighborhood of Gm “ 0). Without loss of generality (by renaming if necessary some of the
variables), we can assume that

|
BGm

Bxa
| ‰ 0, for a “ n ´ r ` 1, . . . , n. (1.5)

One can prove1 that this implies that one may locally solve the constraints in terms of the r last coordi-
nates,

Gm “ 0 ðñ x∆
“ X∆

pxα
q, ∆ “ n ´ r ` 1, . . . , n, α “ 1, . . . , n ´ r. (1.6)

In this case, one refers to the x∆ as dependent and to the xα as independent variables.
This also means that one may choose locally a new system of coordinates such that Gm are r of the

new coordinates, xa ÐÑ qα, Gm, with α “ 1, . . . n ´ r.
Example: Consider a circle of radius R in R2: x1, x2 P R2,

G “

b

px1q
2

` px2q
2

´ R “ 0 (1.7)

One may solve the constraint to express x2, the dependent variable, in terms of x1, the indepenedent

variable: x2 “ ˘

b

R2 ´ px1q
2. Alternatively, if one uses polar coordinates x1 “ r cos θ, x2 “ r sin θ, the

constraint becomes G “ r ´ R. Hence, if one uses θ, ρ “ r ´ R as new coordinates, q “ θ,G “ ρ.

Lemma 1. A function f that vanishes when the constraints hold can be written as a combination of the
functions defining the constraints:

f |Gm“0 “ 0 ðñ f “ gmGm , (1.8)

for some coefficients gmpxq.

That the condition is sufficient (ðù) is obvious. That it is necessary (ùñ) is shown in the new
coordinate system, where fpqα, Gm “ 0q “ 0 and thus

fpqα, Gmq “

ż 1

0
dτ

d

dτ
fpqα, τGmq “ Gm

ż 1

0
dτ

Bf

BGm

pqα, τGmq, (1.9)

so that gm “
ş1

0 dτ
Bf

BGm
pqα, τGmq.

In the following, we will use the notation f « 0 for a function that vanishes when the constraints hold,
so that the lemma becomes f « 0 ðñ f “ gmGm.

Lemma 2. Suppose that the constraints hold and that one restricts oneself to variations δxa tangent to
the constraint surface,

Gm “ 0, BGm

Bxa
δxa

« 0. (1.10)

It follows that

faδx
a

« 0, @δxa satisfying (1.10) ðñ fa « µm BGm

Bxa
, (1.11)

for some µmpxaq.

1The explicit proof, which is not needed here, goes under the name of “implicit function theorem”.
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NB: In this lemma, the use of « means that these equalities in (1.10) and (1.11) are understood as
holding when Gm “ 0.

That the condition is sufficient pðùq is again direct when contracting the expression for fa in the RHS
of (1.11) with δxa and using the second of (1.10).

In the adapted coordinate system pqα, Gmq, variations tangent to the constraints correspond to δqα

arbitrary, and δGm “ 0. The LHS of (1.11) becomes fαpqβ, 0qδqα “ 0, which is equivalent to fαpqβ, 0q “

0. Since µm BGm

Bqα “ 0, the RHS of (1.11) is satisfied for the α-components. It is also satisfied for the n
components by choosing µm “ δm

n f
n.

In a more general coordinate system, that the condition is necessary (ùñ) follows by first subtracting
from the LHS of (1.11) the combination λm BGm

Bxa δx
a « 0, with arbitrary λm, which gives

pfa ´ λm BGm

Bxa
qδxa

« 0. (1.12)

The regularity conditions imply that, locally, there exists an invertible matrix Mm∆ such that

Mm∆ BGm1

Bx∆ « δm
m1 ,

BGm

Bx∆ MmΓ
« δΓ

∆. (1.13)

Indeed, according Lemma 1, there exists functions MΓm such that

x∆
´ X∆

“ M∆mGm, (1.14)

Conversely, when describing the surface by xΓ ´ XΓ, there exists functions Mm∆ such that

Gm “ MmΓpxΓ
´ XΓ

q. (1.15)

Substituting this in the previous equation and differentiating with respect to x∆, it follows that

M∆mMmΓ « δ∆
Γ . (1.16)

The second of equation (1.13) then follows by differentiating (1.14) with respect to x∆,

δ∆
Γ “

BM∆m

BxΓ Gm ` M∆m BGm

BxΓ , (1.17)

and the first because the right and the left inverse are the same.
In terms of the various types of variables, (1.12) may be decomposed as

pf∆ ´ λm BGm

Bx∆ qδx∆
` pfα ´ λm BGm

Bxα
qδxα

« 0. (1.18)

Since the λm are arbitrary, we are free to fix

λm
“ MmΓfΓ :“ µm

ðñ f∆ « µm BGm

Bx∆ , (1.19)

so that the first term (1.18) vanishes. We then remain with

pfα ´ µm BGm

Bxα
qδxα

« 0. (1.20)

Since the variables xα are unconstrained and the variations δxα independent, this implies as in (1.1) that

fα « µm BGm

Bxα
. (1.21)
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1.3 Constrained extremisation
Extremisation of a function F pxaq under r constraints Gm “ 0 can then be done in two equivalent ways:

Method 1: The first is to solve the constraints as in (1.6) and to extremise the function

FG
pxα

q “ F pxα, X∆
pxβ

qq . (1.22)

In terms of the unconstrained variables xα, we are back to an unconstrained extremisation problem, whose
extrema are determined by

BFG

Bxα
“ 0 . (1.23)

Indeed, on the one hand,
BFG

Bxα
“

BF

Bxα
|x∆“X∆ `

BF

BxΓ |x∆“X∆
BXΓ

Bxα
. (1.24)

On the other hand, differentiating (1.14) with respect to xα,

BXΓ

Bxα
“

BpXΓ ´ xΓq

Bxα
“ ´

BMΓm

Bxα
Gm ´ MΓm BGm

Bxα
, (1.25)

so that, if Gm “ 0, or equivalently, if one substitutes x∆ by X∆, (1.23) may be written as

BF

Bxα
« µm BGm

Bxα
, µm

«
BF

BxΓM
Γm. (1.26)

Furthermore, if Gm “ 0, one may also write

BF

Bx∆ “
BF

BxΓ δ
Γ
∆ «

BF

BxΓM
Γm BGm

Bx∆ « µm BGm

Bx∆ . (1.27)

by using (1.17) and the definition of µm in (1.26).
Method 2: Instead of restricting oneself to the space of independent variables xa, one extends the

space of variables xa by additional variables λm, called Lagrange multipliers, and one considers the
unconstrained extremisation of the function,

F λ
pxa, λm

q “ F pxa
q ´ λmGm, δF λ

“ 0 . (1.28)

By unconstrained extremisation, we understand that the variables xa, λm are considered as unconstrained
at the outset, with independent variations δxa, δλm.

That this gives the same extrema can be seen as follows:

0 “ δF λ
“ p

BF

Bxa
´ λm BGm

Bxa
qδxa

´ δλmGm, (1.29)

implies
BF

Bxa
“ λm BGm

Bxa
, Gm “ 0. (1.30)

A variation of the second equation then implies that BGm

Bxa δx
a “ 0, while contraction of the first equation

with δxa gives us (1.12) of the proof of lemma 2. We can then continue as in the proof of this lemma to
conclude that BF

Bxa « µm BGm

Bxa for some µm, and thus that both methods define the same extrema.
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Chapter 2

Constrained systems and d’Alembert principle

The chapter starts with a description of holonomic constraints on the trajectories of point particles. Real
displacements are distinguished from virtual (instantaneous) displacements. D’Alembert’s theorem as
an alternative equivalent formulation of Newtonian mechanics is stated and proved. For non-holonomic
constraints, the same is achieved through d’Alembert’s theorem. A criterion to distinguish holonomic
from non-holonomic constraints is provided. This chapter is based on [4], chapters 1.1, 1.2, 1.3.

2.1 Holonomic constraints
Consider N particles moving in space R3, with coordinates are denoted by xα

i , i “ 1, . . . ,N , α “ 1, 2, 3.
Alternatively, we can label them by xa, with a “ 1, . . . , 3N . We assume that they are submitted to r
constraints of the form

Gmpxα
i , tq “ 0. (2.1)

Such constraints that only involve the positions but not the velocitites of the particles are called holonomic.
As before, we assume regularity conditions: the rank of matrix BGm

Bxα
i

is maximal for all values of t. When
the constraints do not depend explicitly on time, they are called scleronomic, if they do, they are called
rheonomic.

Figure 2.1: A particle in R3 constrained to a 2-dimensional surface Σ. Source: Script by N. Boulanger

During a motion, the particles are assumed to remain on the surface defined by the constraints. If this
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motion dxα
i takes place during an infinitesimally small time interval dt, this means that

dGm “ dxα
i

BGm

Bxα
i

` dt
BGm

Bt
“ 0. (2.2)

In other words, the constraints are constraints on the trajectories of the particles and give rise by differen-
tiation with respect to time to constraints on the velocities,

9xα
i

BGm

Bxα
i

`
BGm

Bt
“ 0, (2.3)

where, for a trajectory xα
i ptq, the notation 9xα

i “
dxα

i

dt
and :xα

i “
d2xα

i

pdtq2 is used.
Consider two trajectories xα

i ptq and x̃α
i ptq. What we will be interested in below is (instantaneous)

virtual displacements i.e., the difference of these trajectories ∆xα
i ptq “ x̃α

i ptq ´ xα
i ptq at fixed times t. It

follows that

∆dxα
i ptq

dt
“ ∆ lim

ϵÑ0

xα
i pt ` ϵq ` xα

i ptq

ϵ
“ lim

ϵÑ0

x̃α
i pt ` ϵq ´ xα

i pt ` ϵq ´ px̃α
i ptq ´ xα

i ptqq

ϵ

“
dx̃α

i ptq

dt
´
dxα

i ptq

dt
“

d

dt
∆xα

i ptq.

(2.4)

More specifically we will be interested in infinitesimal displacements δxα
i of this type that are compatible

with the constraints,

δxα
i

BGm

Bxα
i

« 0. (2.5)

Lemma 3. The elementary work ��δW of the reaction forces due to the constraints vanishes for all infinites-
imal virtual displacements that are compatible with the constraints if and only if the reaction forces are a
combination of the gradients of the constraints,

��δW “ Ri
αδx

α
i « 0 ðñ Ri

α « µm BGm

Bxα
i

, (2.6)

for some µmpxα
i , tq.

Indeed, except for the interpretation in terms of work and forces, this follows directly from the previous
lemma. The notation ��δW means that this elementary work is not necessarily the variation of a function.
The geometric interpretation is that the reaction forces are orthogonal to the constraints. (For each m, the
gradient BGm

Bxα
i

is a vector that is orthogonal to the tangent vectors of the surface defined by Gm “ 0.)
In what follows, we limit ourselves (almost) exclusively to such constraints, i.e., to constraints whose

reaction forces do not do any work during a virtual displacement. In particular this means that there can
be no friction due to these constraints. Such constraints are called ideal.

2.2 d’Alembert’s theorem
The dynamics of the N particles is governed by Newton’s equations,

mpiq:xα
i “ Fα

i ` Rα
i , (2.7)

where the parenthesis around the index i means that there is no summation, and where Fα
i are the com-

ponents of the applied forces acting on the ith particles, while Rα
i are the reaction forces due to the

constraints, assumed to be ideal. The latter keep the particles confined to the constraint surface.
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Theorem 1 (d’Alembert). Newton’s equation for a system of point particles subjected to ideal constraints
are equivalent to the condition that the elementary work of the sum of the applied forces and of the forces
of inertia (´mpiq:xα

i ) vanishes for all infinitesimal virtual displacements compatible with the constraints,

pFα
i ´ mpiq:xα

i qδxα
i « 0 . (2.8)

The theorem states that Newton’s equations (2.7), together with the fact that the reaction forces as-
sociated to ideal constraints are of the form Ri

α « µm BGm

Bxα
i

on account of equation (2.6) of Lemma 3 are
equivalent to (2.8) when the constraints (2.1) hold, and when limiting oneself to compatible infinitesimal
virtual displacements, (2.5). That the condition is sufficient (ùñ) follows by contracting (2.7) with δxα

i

and using (2.6) together with (2.5) to conclude that (2.8) holds. That the condition is necessary pðù)
follows because (2.1), (2.5) together with (2.8) imply, as in lemma 3, that Fα

i ´ mpiq:xα
i « ´µm BGm

Bxα
i

, for
some µm, which are Newton’s equation (2.7), together with (2.6).

2.3 Principle of virtual work
If one uses d’Alembert’s theorem in the particular case of a system at equilibrium, the accelerations
vanish, :xα

i “ 0, and the theorem reduces to the

Theorem 2 (Principle of virtual work). The virtual work done by the applied forces that keep a system in
equilibrium are zero.

2.3.1 Worked Exercice 1: The Lever
Using the principal of virtual work, find the equilibrium position of a horizontal lever of fulcrum O, with
a downward vertical force of modulus A at a distance a of O to the left and a downward vertical force of
modulus B at a distance b to the right of O. Hint: The equilibrium condition links A,B, a, b. Relate the
vertical displacements of the extremities δsA and δsB to the rotation angle δφ (see figure).

Solution: the condition that the virtual work of the applied forces should vanish is

A⃗ ¨ δ⃗sA ` B⃗ ¨ δ⃗sB “ 0 ðñ AδsA ` BδsB “ 0, (2.9)

Furthermore δsA “ ´aδφ, δsB “ bδsB. Hence

p´Aa ` Bbqδφ “ 0, @δφ ùñ Aa “ Bb . (2.10)

Figure 2.2: Lever. Source: Sommerfeld Mechanics, chapter
II.9
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(a) Block and tackle. Source: Sommerfeld, Mechanics,
chapter II.9 (b) Block and tackle. Source: Wikipedia

2.3.2 Worked Exercice 2: Block and Tackle (Palan)
In a tackle with n pulleys at the fixed upper end and n pulleys at the moving lower end lower, let Q be the
modulus of the weight force that one wishes to lift, and P the modulus of the lifting force applied at the
to the other end of the rope. In a virtual displacement, let δp be the displacement of the end of the rope
and ´δq the displacement of the load (which is negative if δp is positive, see figure.

1. When taking the tackle as an ideal system without friction, what does the principle of virtual work
imply ?

2. If you lift the load by δq, each of the 2n lengths of rope between the pulleys is shortened by δq.

3. What is the relation between δp and δq ?

4. Find the link between Q,P and the number of pulleys n at the upper and lower end of the tackle to
maintain the load suspended.

Solution:
Application of the principle:

Pδp ´ Qδq “ 0. (2.11)

For 1 pulley at both the upper and the lower end, if one lifts by δq, each of the 2 pieces of rope is
shortened by δq so that δp “ 2δq.

For 2 pulleys at both the upper and the lower end, if one lifts by δq, each of the 4 pieces of rope is
shortened by δq so that δp “ 4δq.

For n pulleys at both the upper and the lower end, δp “ 2nδq and

p2nP ´ Qqδq “ 0, @δq ùñ P “
Q

2n . (2.12)
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2.4 Non-holonomic constraints
Non-holonomic constraints are constraints on the velocities of point particles as in (2.3), but that do not
originate from holonomic constraints, i.e., from constraints on positions, through differentiation with
respect to time.

Figure 2.4: Source: Goldstein Classical Mechan-
ics, chapter 1.3

As an example, consider a vertical disk or coin rolling without sliding on a horizontal plane, z “ 0 in
standard Cartesian coordinates. Let pxC , yC , zCq the coodinates of the center of the disk. Only xC , yC are
relevant since zC “ a, with a the radius of the disk. Let ϕ be the angle of rotation of the disk starting from
a fixed initial direction and θ the angle made by 1⃗x and the axes of rotation of the disk. Since the velocity
v⃗ of the center of the disk is normal to this axes, and lies in a plane of constant z, it follows that the angle
between 1⃗x and v⃗ is θ ´ π

2 , so that

xC “ v cospθ ´
π

2 q “ v sin θ, yC “ v sinpθ ´
π

2 q “ ´v cos θ. (2.13)

Futhermore, the velocity of a point on the edge of the disk is a 9ϕ. This is the module of the velocity of
the point of contact of the disk with the plane, and since there is no sliding this is also the velocity of the
center of the disk, v “ a 9ϕ. By injecting into the previous relations, we thus get the following relations
between velocitites for this motion

"

9xC ´ a sin θ 9ϕ “ 0,
9yC ` a cos θ 9ϕ “ 0,

(2.14)

and the question is whether these constraints on velocities come from constraints on positions by differ-
entiation with respect to time.

More generally, consider r constraints that are at most linear in velocities 9xa,

Km
a 9xa

` Km
0 “ 0, (2.15)

where Km
a pxb, tq, Km

0 pxb, tq are functions that depend on the coordinates xa, a “ 1, . . . , n (which may
or may not simply be the positions xα

i in Cartesian space of the N particles), and possibly an explicit
dependence on time t. The question then is whether the relation on the velocities (2.15), or any equivalent
relation on the velocities

Λm
m1pKm1

a 9xa
` Km1

0 q “ 0, (2.16)

with Λm
m1pxb, tq an invertible matrix, can be written as

Λm
m1pKm1

a 9xa
` Km1

0 q “
BGm

Bxa
9xa

`
BGm

Bt
. (2.17)
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for r functions Gmpxa, tq. Since the velocities are arbitrary, this relation can be decomposed as
"

BGm

Bxa “ Λm
m1Km1

a ,
BGm

Bt
“ Λm

m1Km1

0 ,
(2.18)

In order to answer this question, it is useful to introduce xA “ pt, xaq, A “ 0, . . . , n, so that the above
n ` 1 equations can be written in a unified way as

BGm

BxA
“ Λm

m1Km1

A . (2.19)

Necessary conditions1 for the existence of such functions Gm is that mixed second derivatives of the right
hand sides vanish,

B2Gm

BxABxB
“

B2Gm

BxBBxA
ùñ

B

BxA
pΛm

m1Km1

B q “
B

BxB
pΛm

m1Km1

A q. (2.20)

This is however not the condition that we need because it still contains the unknown functions Λm
m1 .

What we need is a condition on the functions Km
A alone. A standard technical assumption on these

functions, that we aasume to hold is that they are linearly independet in the following sense: if there exist
some functions λmpxBq such that λmK

m
A “ 0 then necessarily λm “ 0. The condition we need is then a

consequence of the following theorem.

Theorem 3 (Frobenius). For linearly independent functions Km
A , the set of conditions

p
B

BxrA1
Km

A2qK1
A3 . . . K

r
Ar`2s “ 0, (2.21)

is necessary and sufficient for the existence of functions Λm
m1pxBq (invertible) and GmpxBq such that

BGm

BxA
“ Λm

m1Km
A . (2.22)

In equation (2.21), the square bracket denotes complete antisymmetrization of the indicesA1, . . . Ar`2,
divided by pr ` 2q!, the number of permutations of r ` 2 objects. More explicitly,

p
BxrA1

Km
A2qK1

A3 . . . K
r
Ar`2s “

1
pr ` 2q!

ÿ

σPPr`2

p1q
|σ|

p
BxAσp1q

Km
Aσp2q

qK1
Aσp3q

. . . Kr
Aσr`2 , (2.23)

where Pr`2 denotes a permutations of r`2 elements and |σ| “ 0 if the permutation is even, while |σ| “ 1
if the permutation is odd.

Let us prove that these conditions are indeed necessary (ðù). We start from

0 “ p
B

BxrA1

BGm

BxA2
qK1

A3 . . . K
r
Ar`2s, (2.24)

which holds because the second order derivatives B2Gm

BxA1 BxA2 are symmetric in A1, A2, so that, when com-
pletely antisymmetrizing in the right hand side of equation (2.24), one finds always 0. Since we assume
that (2.22) is true, we find by substitution

0 “ p
B

BxrA1
pΛm

m1Km1

A2 qqK1
A3 . . . K

r
Ar`2s

“ p
B

BxrA1
Λm

m1qKm1

A2K
1
A3 . . . K

r
Ar`2s ` Λm

m1p
B

BxrA1
Km1

A2 qK1
A3 . . . K

r
Ar`2s

(2.25)

1It can in fact be shown, as done later in the course, that these conditions are also locally sufficient.
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The first term on the last line vanishes because the antisymmetry inA2, . . . Ar`2 implies the antisymmetry
inm1, 1, . . . , r, butm1 takes a value between 1 and r so that one of the values arises twice and a completely
antisymmetric expression then vanishes. Equation (2.21) then follows because Λm

m1 is invertible.
The proof that the condition is sufficient (ùñ) can be found in [3] or [10].
In the particular case of the disk, we have

xA
“ pt, xC , yC , ϕ, θq, (2.26)

and we have two constraints, r “ 2. More explicitly,

K1
0 “ 0, K1

1 “ 1, K1
2 “ 0, K1

3 “ ´a sin θ “ ´a sin x4, K1
4 “ 0,

K2
0 “ 0, K2

1 “ 0, K2
2 “ 1, K1

3 “ a cos θ “ a cosx4, K2
4 “ 0.

(2.27)

Let us show that the constraints are non-holonomic, i.e., that there is at least one of the conditions in (2.21)
that is not satisfied. If we take m “ 1, they become

p
B

BxrA1
K1

A2qK1
A3K

2
A4s “ 0. (2.28)

Choosing A1 “ 4, A2 “ 3, A3 “ 1, A4 “ 2, one can check that only the first term in the complete
antisymmetrization is non-vanishing, so that the result of the left hand side is given by 1

4!p´a cosx4q

which does not vanish.

2.5 d’Alembert’s principle
In the proof of d’Alembert theorem, nothing crucially depended on the fact that the constraints were
holonomic. It can thus be extended to non-holonomic ones (by the replacement BGm

Bxa Ñ Km
a in the proof).

Suppose then that there are r non holonomic constraints

Km
a 9xa

` Km
0 “ 0, (2.29)

and consider infinitesimal virtual displacements δxa that are compatible,

Km
a δx

a
“ 0. (2.30)

d’Alembert’s principle then states that Newton’s equation

mpaq:xa
“ F a

` Ra, (2.31)

together with the condition that the forces of reaction are of the form

Ra « λmK
m
a , (2.32)

are equivalent to the condition that the sum of the applied forces and of the forces of inertia produce no
work during any compatible infinitesimal virtual displacement δxa,

pF a
´ mpaq:xa

qδxa
« 0. (2.33)

Systems covered by d’Alembert’s theorem and principle are

• systems of point particles that move on polished surfaces that are fixed or moving (holonomic
constraints),
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• motions of solids with one point having a prescribed trajectory

• sliding of solids on polished surfaces

• rolling without sliding of solids on rough surfaces

• fixed links between solids

What is not covered by the theorem and principle are constraints that involve friction or constraints that
are expressed by inequalities.
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Chapter 3

Hamilton and least action principles

In this chapter, Hamilton’s principle and the least action principle are derived from d’Alembert’s theorem.
It is based on [4], chapter 2.1.

3.1 Natural and virtual trajectories
Consider trajectories xa “ xaptq that pass through a fixed point at some initial time ti and another fixed
point at a final time tf , xaptiq “ xa

i , xaptf q “ xa
f . A natural trajectory is a trajectory that satisfies

Newton’s equations together with the constraints. Virtual trajectories are trajectories that originate from a
virtual displacement of a natural trajectory. As before, we consider infinitesimal virtual variations δxaptq.

Figure 3.1: Natural and virtual trajectories. Source: Script by N. Boulanger

In particular, infinitesimal means that we compute to first order in δxa. Furthermore, recall that such
displacements commute with the time derivative, δ 9xaptq “ d

dt
δxa.

3.2 Hamilton’s principle
According to d’Alembert’s theorem or principle, natural trajectories satisfy

pmpaq:xa ´ Faqδxa
« 0. (3.1)
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By an integrations by parts, (which means here using Leibniz rule in the way that is done when doing
integrations by parts), we have

d

dt
pmpaq 9xaδx

a
q ´ mpaq 9xaδ 9xa

´ Faδx
a

« 0. (3.2)

In terms of the kinetic energy and its variation, we have

T “
1
2mpaq 9xa 9xa, δT “ mpaq 9xaδ 9xa. (3.3)

The last term on the left hand side of (3.2) is the infinitesimal work done by the applied forces,

��δW “ Faδx
a. (3.4)

The use of the symbol ��δ is to indicate that in general Faδx
a is not necessarily integrable and the variation

of a single function.
In these terms, D’Alembert’s principle can be written as

d

dt
pmpaq 9xaδxaq « δT ` ��δW. (3.5)

When integrating this relation along a natural trajectory, one gets
”

mpaq 9xaδx
a
ıtf

ti

«

ż tf

ti

dt rδT ` ��δW s. (3.6)

Limiting oneself to virtual instantaneous variations that do not change the end points, δxaptiq “ 0 “

δxaptf q, we get:

Theorem 4 (Hamilton’s principle). A natural trajectory satisfies
ż tf

ti

dt rδT ` ��δW s « 0, (3.7)

for all infinitesimal virtual variations compatible with the constraints and that keep the end points fixed.

3.3 Least action principle
In the particular case when the forces derive from a potential,

Fa “ ´
BV

Bxa
ðñ Faδx

a
“ ´δV. (3.8)

and ��δW “ ´δV . In this case, suitable integrability conditions

B

Bxa
Fb ´

B

Bxb
Fa “ 0, (3.9)

have to be satisfied. The force is conservative and the work does not depend on the path taken between
the initial and the end points. We can write (3.7) as

ż tf

ti

dt δpT ´ V q “ δ

ż tf

ti

dtpT ´ V q « 0, (3.10)

where the variation commutes with integration since it is done at a fixed time. Defining the action,
respectively the Lagrangian, as

Srxa
ptqs “

ż tf

ti

dt L, L “ T ´ V, (3.11)
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Theorem 5 (Least action principle). A natural trajectory is an extremal of the action,

δS « 0 , (3.12)

for all infinitesimal virtual variations compatible with the constraints and that keep the end points fixed.

Remarks:

1. As in the finite dimensional case considered in the first chapter, where the problem of finding the
extrema of a function of several variables, we thus have again an extremisation problem. The
analogy is as follows: finding the extrema can be done by finding the points where the gradient
vanishes. In the present case this corresponds to solving Newton’s equations. Alternatively, one
is looking for the points where the variation of the function vanishes. In the present case, this
corresponds to finding the trajectories that extremize the variation of the action. The object whose
extremals one is searching for is no longer a function, but a functional, that is to say, the integral of
a function L of several functions xaptq of time. Suppose for instance that xaptiq “ xaptf q. One may
then develop the trajectories in terms of Fourier series,

xa
ptq “

c0

2 `

8
ÿ

n“0
ca

n cos 2πpt ´ tiq

tf ´ ti
` sa

n sin 2πpt ´ tiq

tf ´ ti
, (3.13)

so that, after substitution, the action becomes a function of the Fourier coefficients, Srxaptqs “

Srca
0, c

a
n, s

a
ns and the extremisation problem becomes that of a function of an infinite, countable

number of variables.

2. How should one take the constraints into account ? Again there are two options. The first is to ex-
plicitly solve the constraints in terms of a number of independent variables qαptq for the trajectories,
and reduce the extremisation problem to one in those variables. This is what we will do in detail in
the next chapter. The second approach consists in working with Lagrange multipliers, that now also
become trajectories, and consider the unconstrained extremisation problem for the extended action

Srxa
ptq, λm

ptqs “

ż tf

ti

dt
”

Lpxa
ptq, 9xa

ptqq ´ λm
ptqGmpxa

ptq, tq
ı

. (3.14)
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Chapter 4

Lagrangian mechanics

4.1 Lagrange coordinates
In the case of r independent holonomic constraints,

Gmpxa, tq “ 0, m “ 1, . . . , r, (4.1)

that satisfy the regularity assumptions, there exists locally a change of coordinates

xa
“ xa

pqb, tq, qa
“ qa

pxb, tq, a, b “ 1, . . . , 3N “ n, (4.2)

such that
"

qa “ qn´r`m “ Gm, a “ n ´ r ` 1, . . . , n,
qa “ qα, a, α “ 1, . . . , n ´ r.

(4.3)

The qα are the independent coordinates, also called Lagrange coordinates. Satisfying the constraints
in this coordinate system means to put the last r coordinates to 0, qn´r`m “ 0. Furthermore, virtual
displacements that are comptabible with the constraints satisfy δqn´r`m “ 0 while the δqα are arbitrary
and unconstrained. In terms of the old variables, we thus have that, when the constraints hold, variations
compatible with the constraints are given by

δxa
«

Bxa

Bqα

ˇ

ˇ

ˇ

qn´r`m“0
δqα. (4.4)

4.2 Lagrange equations
In terms of Lagrange coordinates, we have

��δW « Faδx
a

« Qαδq
α, Qα “ Fa

Bxa

Bqα
|qn´r`m“0, (4.5)

where Qα is called the generalized force vector of Lagrange. For notational simplicity, we omit the
bar with the indication that one should impose qn´r`m “ 0. In order to work out the kinetic energy
T “ 1

2mpaq 9xa 9xa, in terms of the Lagrange coordinates, one uses

9xa
“

Bxa

Bqβ
9qβ

`
Bxa

Bt
, (4.6)

so that the kinetic energy becomes explicitly

T pqα, 9qα, tq “
1
2mpaqp

Bxa

Bqα
9qα

`
Bxa

Bt
q

2
“ mpaqr

1
2

Bxa

Bqα

Bxa

Bqβ
9qα 9qβ

`
Bxa

Bqα

Bxa

Bt
9qα

`
1
2

Bxa

Bt

Bxa

Bt
s, (4.7)
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while its variation is

δT “
BT

Bqα
δqα

`
BT

B 9qα
δ 9qα

“ p
BT

Bqα
´
d

dt

BT

B 9qα
qδqα

`
d

dt
p

BT

B 9qα
δqα

q. (4.8)

For any function F pqα, 9qα, tq, the Euler-Lagrange derivative is defined by

δF

δqα
“

BF

Bqα
´
d

dt

BF

B 9qα
. (4.9)

Again, in the context of Hamilton’s or the least action principle, the last term of (4.8) does not contribute
when restricting oneself to variations vanishing at the end points. Hamilton’s principle then becomes

ż tf

ti

dt
“ δT

δqα
` Qα

‰

δqα
ptq “ 0, (4.10)

for all unconstrained δqαptq (that vanish at the end points). The du Bois-Reymond lemma then implies
the Lagrange equations

δT

δqα
“ ´Qα . (4.11)

That these differential equations are equivalent to Newton’s equations for ideal holonomic constraints
can also be seen directly as follows. One starts from

"

mpaq:xa “ Fa ` µm BGm

Bxa

Gm “ 0 . (4.12)

The first set of equations are contracted with Bxa

Bqα , and then the constrained are imposed qn´r`m “ 0. The
constraints are then trivially fulfilled. When using that

BGm

Bxa

Bxa

Bqα
“ 0, (4.13)

and the definition of the Qα, the first set of equations reduces to

mpaq:xa
Bxa

Bqα
“ Qα, (4.14)

with the understanding that qn´r`m “ 0. It remains to be shown that

d

dt

BT

B 9qα
´

BT

Bqα
“ mpaq:xa

Bxa

Bqα
ðñ

d

dt
p 9xa

B 9xa

B 9qα
q ´ 9xa

B 9xa

Bqα
“

d

dt
p 9xa

Bxa

Bqα
q ´ 9xa

d

dt

Bxa

Bqα
. (4.15)

This is satisfied since it follows directly from (4.6) that

B 9xa

B 9qα
“

Bxa

Bqα
,

B 9xa

Bqα
“

B2xa

BqαBqβ
9qβ

`
B2xa

BqαBt
“

d

dt

Bxa

Bqα
. (4.16)
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4.3 Dissipative systems
In some dissipative systems there exists, besides the applied and the reaction forces, also friction forces
proportional to the velocities. In this case,

"

mpaq:xa “ Fa ` µm BGm

Bxa ´ ζab 9xb

Gm “ 0 , (4.17)

When contracting with Bxa

Bqα , the additional term on the right hand side is

´ζab 9xb Bxa

Bqα
. (4.18)

If the constant friction coefficients are symmetric, ζab “ ζba, one may write the associated Lagrange
equations in terms of the Rayleigh’s dissipation function

D “
1
2ζab 9xa 9xb, (4.19)

as
δT

δqα
“ ´Qα ´

BD

B 9qα
, (4.20)

because
BD

B 9qα
“ ζab

B 9xa

B 9qα
9xb

“ ζab 9xb Bxa

Bqα
. (4.21)

4.4 Euler-Lagrange equations
In the absence of such friction forces and if all applied forces derive from a potential V pxaq, natural
trajectories have to satisfy the Euler-Lagrange equations,

δL

δqα
“ 0 . (4.22)

These equations can either be obtained from the Lagrange equations (4.11) by using that L “ T ´ V and

Qα “ Fa
Bxa

Bqα
“ ´

BV

Bxa

Bxa

Bqα
“ ´

BV

Bqα
,

δV

δqα
“

BV

Bqα
, (4.23)

where V pqα, tq “ V pxapqα, tqq. Alternatively, one derive the Euler-Lagrange equations directly from the
least action principle:

0 “ δS “

ż tf

ti

dt p
BL

Bqα
δqα

`
BL

B 9qα
δ 9qα

q “

”

BL

B 9qα
δqα

ıtf

ti

`

ż tf

ti

dt
δL

δqα
δqα. (4.24)

The passage from the first to the second equality involves an integrations by parts, the boundary term
vanishes because of the assumption that the variations vanish at the end points, and the Euler-Lagrange
equations then follow by using the fact that the variations δqαptq are arbitrary and by the du Bois-Reymond
lemma.
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Remarks

• In some problems, the potential may depend on velocities, V “ V pqα, 9qα, tq or, more generally, the
Lagrangian may be of form Lpqα, 9qα, tq, without a direct interpretation in terms of T and V . In this
case, the least action principle for natural trajectories still gives rise to the Euler-Lagrange equations
for these trajectories.

• When making explicit the second order time derivatives in the left hand side of the Euler-Lagrange
derivatives,

´
δL

δqα
“

d

dt

BL

B 9qα
´

BL

Bqα
“

B2L

B 9qαB 9qβ
:qβ

´ fαpqβ, 9qβ, tq, (4.25)

it follows that the Euler-Lagrange equations are equivalent to differential equations in normal form
if and only if

ˇ

ˇ

ˇ

B2L

B 9qαB 9qβ

ˇ

ˇ

ˇ
‰ 0. (4.26)

We call this the regular case. In this case, the inverse matrix Mγα B2L
B 9qαB 9qβ “ δγ

β where Mγα “

Mγαpqβ, 9qβ, tq, exists and the normal form of the Euler-Lagrange equations is

:qγ
“ F γ, F γ

pqα, 9qα, tq “ Mγαfα. (4.27)

Unless otherwise specified, we will always be in the regular case in the rest of the course.

• It follows from (4.24) that one may define the functional derivative of the action with respect to a
trajectory qαptq by

δS

δqαptq
“

δL

δqα

ˇ

ˇ

qα“qαptq, 9qα“ d
dt

qαptq
. (4.28)

• If L1 “ cL, c P R, the solutions of the Euler-Lagrange equations are unchanged.

• Suppose that L1 “ L `
df
dt

for some f “ fpqα, tq. It follows that δL1

δqα “ δL
δqα . Indeed,

δ

δqα
p
df

dt
q “

δ

δqα
p

Bf

Bqβ
9qβ

`
Bf

Bt
q “

B2f

BqαBqβ
9qβ

`
B2f

BqαBt
´
d

dt

Bf

Bqα
“ 0. (4.29)

Conversely, suppose that δL1

δqα “ δL
δqα , or if Mpqα, 9qα, tq “ L1 ´ L, that1 δM

δqα “ 0. It follows that
M “

df
dt

with f “ fpqα, tq. Indeed, in δM
δqα the only terms that involve second order derivatives are

given by ´ B2M
B 9qαB 9qβ :qβ and have to vanish separately. It thus follows that B2M

B 9qαB 9qβ “ 0. When writing

Mpqα, 9qα, tq “ Mp0, 0, tq `

ż 1

0
dτ

d

dτ
Mpτqα, τ 9qα, tq

“
d

dt

ż t

dt1Mp0, 0, t1q `

ż 1

0

dτ

τ
pqα BM

Bqα
` 9qα BM

B 9qα
qpτqα, τ 9qα, tq. (4.30)

By the usual manipulation, we may write

qα BM

Bqα
` 9qα BM

B 9qα
“ qα δM

δqα
`
d

dt
pqα BM

B 9qα
q, (4.31)

1Note that in this case, we consider this equation to be an identity in the variables qα, 9qα, t and not a system of differential
equations for trajectories.
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where the first term vanishes by assumption and N “ qα BM
B 9qα does not depend on 9qβ since we have

already shown that B2M
B 9qαB 9qβ “ 0. Hence N “ Npqα, tq. Furthermore

p
d

dt
Nqpτqα, τ 9qα, tq “ p 9qα BN

Bqα
`

BN

Bt
qpτqα, τ 9qα, tq “ τ 9qα BN

Bqα
pτqα, tq `

BN

Bt
qpτqα, tq

“
d

dt
Npτqα, tq. (4.32)

Now d
dt

can be taken out of the integral and

M “
df

dt
, fpqα, tq “

ż t

dt1Mp0, 0, t1q `

ż 1

0

dτ

τ
Npτqα, tq. (4.33)

4.4.1 Worked Exercice 3: A Lagrangian of sufficient generality
Consider a Lagrangian of the form

L “
1
2gβγ 9qβ 9qγ

` Aβ 9qβ
´ V, (4.34)

where gβγ “ gγβ, Aβ, V are functions of qδ and t only.
Show that in the regular case, the “metric” gβγ is invertible. Show that the left hand sides of the

Euler-Lagrange equations may be written as

´
δL

δqα
“ gαβ :qβ

` Γαβγ 9qβ 9qγ
´ Fαβ 9qβ

`
BV

Bqα
`

Bgαβ

Bt
9qβ

`
BAα

Bt
, (4.35)

where the “Christoffel symbols of the first kind” Γaβγ and the “field strengths” Fαβ are given by

Γαβγ “
1
2p

Bgαβ

Bqγ
`

Bgαγ

Bqβ
´

Bgβγ

Bqα
q, Fαβ “

BAβ

Bqα
´

BAα

Bqβ
. (4.36)

Solution: The first part follows from

B2L

B 9qαB 9qβ
“ gαβ. (4.37)

For the second, we compute

´
BL

Bqα
“ ´p

1
2

Bgβγ

Bqα
9qβ 9qγ

`
BAβ

Bqα
9qβ

´
BV

Bqα
q, (4.38)

d

dt

BL

B 9qα
“ gαβ :qβ

`
Bgαβ

Bqγ
9qγ 9qβ

`
BAα

Bqβ
9qβ

`
Bgαβ

Bt
9qβ

`
BAα

Bt
. (4.39)

The result follows by adding the terms on the right hand sides of these two equations and using
Bgαβ

Bqγ
9qγ 9qβ

“
1
2p

Bgαβ

Bqγ
`

Bgαγ

Bqβ
q 9qγ 9qβ. (4.40)

For later use, let us note that a geometric representation of the kinetic term T “ 1
2gβγ 9qβ 9qγ is obtained

by considering the “line element”

ds “

b

|gβγdqβdqγ|, (4.41)

which defines a distance in configuration space and where, as in the example of the work of applied forces,
the bar in the notation ds indicates that this is in general not an exact differential, and writes

T “
1
2σ

`ds

dt

˘2
, (4.42)

where σ denotes the sign of gβγ 9qβ 9qγ .
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4.5 Points of equilibrium
Consider a Lagrangian of the form of the previous section, and assume that there is no explicit time
dependence in the coefficients Aα. Equilibrium points are points q̄β such that

BV

Bqα
pq̄β

q “ 0. (4.43)

In this case, the trajectories qβptq “ q̄β , with q̄β constant in time, are natural trajectories. Indeed, when
evaluated at this trajectories, which satisfy 9qβ “ 0 “ :qβ , the left hand side of the equations of motion
(4.35) vanish since in addition the term BAα

Bt
is absent and (4.43) holds.

If at the point of equilibrium, we have a local minimum of the potential,

det B2V

BqαBqβ
pq̄q ą 0 (4.44)

the equilibrium is stable, if not it is unstable. Note that the potential that is relevant here is the potential
in terms of the Lagrange coordinates.
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Chapter 5

Applications of the Lagrangian formalism

5.1 The simple pendulum
Consider a point particle of mass m that is attached by means of a rigid bar of negligible mass to a fixed
point O. It is submitted to the gravitational force. The reaction force of the bar on the point particle is
perpendicular to the motion and thus produces no work.

We assume that the motion takes place in a vertical plane. For instance, this plane is determined by
two straight lines, the first from O to the point particle when the pendulum is at equilibrium, and the
second from O to the point where the particle is released with zero velocity.

Figure 5.1: Simple pendulum. Source: Sommerfeld, Mechanics, chapter
III.15

Let us choose coordinates on R3 where this plane is the plane px, zq with O sitting at the origin, so that
the motion is constrained to take place on the circle S of radius l centered at the origin.

Figure 5.2: Coordinate system for planar motion
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The equation for the constraint is
x2

` z2
“ l2. (5.1)

Going to polar coordinates, with angle θ chosen as the deviation from the negative z axis,

x “ r sin θ, z “ ´r cos θ, (5.2)

the constraint becomes
r ´ l “ 0. (5.3)

The Lagrange coordinate in this case is θ, and velocities are given by

9x “ l cos θ 9θ, 9z “ l sin θ 9θ. (5.4)

In terms of the Lagrange coordinate, the kinetic energy is

T “
1
2mp 9x2

` 9z2
q “

1
2mp 9x2

` 9z2
q “

1
2ml

2 9θ2 (5.5)

while the potential energy is
V “ mgz “ ´mgl cos θ. (5.6)

The Lagrangian is

L “ T ´ V “ mp
1
2 l

2 9θ2
` gl cos θq. (5.7)

The Euler-Lagrange derivative is

BL

Bθ
´
d

dt

BL

B 9θ
“ ´mgl sin θ ´ ml2 :θ, (5.8)

and the equation of motion is equivalent to

:θ ` ω2 sin θ “ 0, ω2
“
g

l
. (5.9)

5.1.1 Small oscillations
For small oscillations, θ ! 1, sin θ „ θ, the equation describes “harmonic” oscillations, with general
solution given by

θptq “ A sinpωt ` φq, ω “

c

g

l
. (5.10)

5.1.2 Conservation of energy
In the general case, like in many systems, the energy which is given by E “ T ` V , or explicitly

E “ mp
1
2 l

2 9θ2
´ gl cos θq, (5.11)

in the current case, is a conserved quantity. By this one means that the energy is constant on all solutions
to the equations of motion. Indeed,

d

dt
E “ ml2 9θp:θ `

g

l
sin θq (5.12)
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vanishes for all solutions of (5.9).
Instead of solving the second order equation, whose general solution contains two integration con-

stants, one may also solve the first order equation provided by (5.11), which is equivalent to

9θ2
“ 2ω2

r
E

mgl
` cos θs, (5.13)

in terms of E and an additional integration constant. Since the left hand side of this equation is always
positive, it follows in particular that E must be such that

E

mgl
ě ´ cos θ ě ´1. (5.14)

5.1.3 Points of equilibrium
The gradient of the potential

BV

Bθ
“ mgl sin θ (5.15)

vanishes if and only if
θ “ 0 or θ “ π. (5.16)

These two possibilities define the points of equilibrium where the pendulum is at rest,
θptq “ 0 or θptq “ π. Since

B2V

pBθq2 “ mgl cos θ, (5.17)

the former is a stable point of equilibrium whereas the latter is unstable.

5.1.4 Vanishing velocity
On account of relation (5.13), the velocity vanishes if

cos θ “ ´
E

mgl
(5.18)

which is possible only if

´1 ď
E

mgl
ď 1. (5.19)

Setting

cosα “ ´
E

mgl
, 0 ď α ď π, (5.20)

we may write
9θ2

“ 2ω2
pcos θ ´ cosαq. (5.21)

The velocity vanishes if θ “ ˘α.
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5.1.5 Motion if α “ π

In the case α “ π, the relation becomes

9θ2
“

2g
l

pcos θ ` 1q. (5.22)

Since

cos2 θ

2 “ p
ei θ

2 ` e´i θ
2

2 q
2

“
eiθ ` e´iθ ` 2

4 “
1
2p1 ` cos θq, (5.23)

this becomes
9θ2

“
4g
l

cos2 θ

2 , (5.24)

so that
9θ “ ˘2ω cos θ2 ðñ ˘ωdt “

d θ
2

cos θ
2
. (5.25)

By integration, it follows that
˘ωpt ´ t0q “

“

ln tanp
x

4 `
π

4 q
‰θ

θ0
. (5.26)

Indeed,
d

dx
ln tanp

x

4 `
π

4 q “
cospx

4 ` π
4 q

4 sinpx
4 ` π

4 q cos2px
4 ` π

4 q
“

1
2 sinpx

2 ` π
2 q

“
1

2 cos x
2
. (5.27)

Let us assume that t0 “ 0, θ0 “ 0, and 9θpt0q ą 0. This means that one has to choose the plus sign in
equations (5.25) and (5.26) and that the pendulum starts at the stable point of equilibrium with an initial
velocity such that one may reach the unstable point of equilibrium. Equation (5.26) simplifies to

ωt “ ln tanp
θ

4 `
π

4 q, (5.28)

and the time to reach θ “ π diverges,

lim
θÑπ

ln tan p
θ

4 `
π

4 q “ 8. (5.29)

5.1.6 Oscillations
Consider now the case where 0 ă α ă π, or equivalently, on account of (5.20), the case where ´1 ă

E
mgl

ă 1.

From :θ “ ´
g
l
sin θ and the fact that sin θ ą 0 for θ “ α ą 0, it follows that the acceleration is

negative while we have already seen that the velocity vanishes. Hence, if θ was increasing towards α, it
will start decreasing after reaching α. For θ “ ´α ă 0, sin θ ă 0, the acceleration is positive and if θ
was decreasing towards ´α, it will start increasing after having reaching ´α. We thus have an oscillation
between ´α and α.

Let us define

k2
“

1
2p1 `

E

mgl
q ðñ k2

“
1
2p1 ´ cosαq ðñ k “ sin α2 , 0 ă k ă 1. (5.30)

The equation of motion (5.13) becomes

9θ2
“ 2ω2

r2k2
` cos θ ´ 1s “ 4ω2

rk2
´ sin2 θ

2s. (5.31)
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The integral to be computed is

˘ωpt ´ t0q “
1
2

ż θ

θ0

dξ
b

k2 ´ sin2 ξ
2

. (5.32)

The change of variables sin θ
2 “ k sinφ, sin ξ

2 “ k sin η, which implies that 1
2 cos ξ

2dξ “ k cos ηdη, brings
this integral to the form

˘ωpt ´ t0q “
1
2

ż φ

φ0

2k cos ηdη
cos ξ

2

a

k2 ´ k2 sin2 η
“

ż φ

φ0

dη

cos ξ
2

“

ż φ

φ0

dη
a

1 ´ k2 sin2 η
. (5.33)

In terms of the elliptic integral of first kind defined by

F pφ, kq “

ż φ

0

dη
a

1 ´ k2 sin2 η
“ ´F p´φ, kq, (5.34)

we have
˘ωpt ´ t0q “ F pφ, kq ´ F pφ0, kq. (5.35)

The period T of the motion is determined as follows. Because k “ sin α
2 and sin θ

2 “ k sinφ, if θ “

˘α, φ “ ˘π
2 , while θ “ 0 corresponds to φ “ 0. T is twice the time needed to go from ´α to α.

Indeed, for θ going from ´α to `α, 9θ ě 0, and one uses the `sign in (5.35), so that the time needed is
F pπ

2 , kq ´ F p´π
2 , kq. For θ going from α to ´α, 9θ ď 0, and one uses the minus sign in (5.35), so that the

time needed is ´rF p´π
2 , kq ´ F pπ

2 , kqs.

ωT “ 2rF p
π

2 , kq ´ F pp´
π

2 , kqs “ 4F p
π

2 , kq “ 4Kpkq, (5.36)

where the complete elliptic integral is defined by

Kpkq “ F p
π

2 , kq. (5.37)

Suppose now that k2 “ sin2 α
2 ! 1, which means that oscillations are small, and let us develop in

sin2 α
2 . To first order, the period becomes

T “
4
ω

ż π
2

0

dη
b

1 ´ sin2 α
2 sin2 η

“
4
ω

ż π
2

0
dηp1 `

1
2 sin2 α

2 sin2 ηq ` Opsin4 α

2 q

“
4
ω

p
π

2 `
1
4 sin2 α

2

ż π
2

0
dηp1 ´ cos 2ηqq ` Opsin4 α

2 q “
2π
ω

p1 `
1
4 sin2 α

2 q ` Opsin4 α

2 q. (5.38)

The leading term is 2π
ω

, the period of the harmonic oscillator.

5.1.7 Revolutions
The second generic case is when E

mgl
ą 1, or equivalently k ą 1. The motion becomes a revolution since

9θ never vanishes, so it is either always strictly positive or strictly negative. θ will thus become bigger than
π or smaller than ´π. When setting k1 “ 1

k
, k1 ă 1 and equation (5.31) becomes

9θ2
“

4ω2

k2
1

p1 ´ k2
1 sin2 θ

2q. (5.39)
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Integrating, it now follows directly from the definition (5.34) that

˘
ω

k1
pt ´ t0q “

1
2

ż θ

θ0

dη
b

1 ´ k2
1 sin2 η

2

“ F p
θ

2 , k1q ´ F p
θ0

2 , k1q. (5.40)

In this case, a period of one revolution corresponds to the time needed to go from θ “ ´π to θ “ π,

T “ 2k1

ω
F p
π

2 q “ 2k1

ω
Kpk1q. (5.41)
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5.2 The brachystochrone
The word means either “shortest time” or “the curve of quickest descent” and concerns a famous prize
problem formulated by Bernoulli in the 17th century, and solved by himself, Newton and Leibniz. In
the way it was solved by Bernoulli, it is famous in the history of mathematics because it has lead to the
calculus of variations, which is at heart of the Lagrangian method.

5.2.1 Statement of the problem
Consider 2 points P and Q in a vertical plane, find the ideal constraint relating these two points that
minimizes the time needed for a massive point particle sliding with no friction under the influence of
gravity to reach Q when being released with zero velocity at P .

5.2.2 Main equations
Without loss of generality, we may choose a coordinate system such that the vertical plane is px, zq with
the arrival point Q at the origin, Q : p0, 0q, and the initial point somewhere above, to the left, P : px˚, z˚q

with x˚ ă 0 and z˚ ą 0.

Figure 5.3: Coordinate system for sliding particle

The time needed to fall by a distance

ds “
?
dx2 ` dz2 (5.42)

is

|dt| “
|ds|

v
, (5.43)

where v is the magnitude of the velocity along the curve.
One may describe the curve that one is looking for by the graph of the function xpzq, with xp0q “ 0

and xpz˚q “ x˚, so that

dt “ ´

b

1 ` pdx
dz

q2

v
dz, (5.44)

where the minus sign is due to the fact that if t increases, z decreases.
Conservation of energy gives

1
2mv

2
1 ` mgz1 “

1
2mv

2
2 ` mgz2. (5.45)

When applied to the current case with P : px2, z2q “ px˚, z˚q and v2 “ 0, while px1, z1q is a generic point
pxpzq, zq along the curve where the velocity is v, it follows that

1
2mv

2
“ mgpz˚

´ zq ùñ v “
a

2gpz˚ ´ zq, (5.46)
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so that (5.44) becomes

dt “ ´

d

1 ` pdx
dz

q2

2gpz˚ ´ zq
dz. (5.47)

Integrating gives the time needed for the fall as

T “ t0 ´ t˚ “ ´

ż 0

z˚

d

1 ` pdx
dz

q2

2gpz˚ ´ zq
dz. (5.48)

This time of fall is a functional of the function xpzq, T “ T rxpzqs. But we know how to find extremals
of such functionals. By the analogy T Ø S, xpzq Ø qpτq, the extremal with fixed end points is given
functions for which the Euler-Lagrange derivative

δL

δz
“

BL

Bx
´

d

dz

BL

Bx1
, x1

“
dx

dz
, (5.49)

vanishes with

Lpx, x1, zq “

d

1 ` pdx
dz

q2

2gpz˚ ´ zq
. (5.50)

Since there is no explicit dependence on x, the equation takes the form

d

dz

BL

Bx1
“ 0. (5.51)

5.2.3 Finding the curve
This equation may be integrated once to get

BL

Bx1
“ c, (5.52)

for some integration constant c, or more explicitly,

1
2

d

2gpz˚ ´ zq

1 ` px1q2
2x1

2gpz˚ ´ zq
“ c ðñ

x1

a

p1 ` px1q2q2gpz˚ ´ zq
“ c. (5.53)

Taking the square in order to solve for x1 gives

px1
q

2
“ c2

p1 ` px1
q

2
qp2gpz˚

´ zqq ðñ px1
q

2
p1 ´ 2gc2

pz˚
´ zqq “ 2gc2

pz˚
´ zq, (5.54)

and then

x1
“ ˘

c
a

2gpz˚ ´ zq
a

p1 ´ 2gc2pz˚ ´ zqq
“ ˘

?
z˚ ´ z

a

2R ´ pz˚ ´ zq
, 2R “

1
2gc2 . (5.55)

By integration, one gets

x ´ x˚
“ ˘

ż z

z˚

?
z˚ ´ z1

a

2R ´ pz˚ ´ z1q
dz1. (5.56)

Setting

Z “ z˚
´ z “ 2R cos2 θ

2 “ Rp1 ` cos θq, (5.57)
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we have that z decreases from z˚ to 0, z˚ ě z ě 0, while Z increases from 0 to z˚, 0 ď Z ď z˚pď 2Rq,
and then θ decreases from π to some θ0, π ě θ ě θ0pě 0q. The integral becomes

x ´ x˚
“ ¯

ż z˚´z

0
dZ

?
Z

?
2R ´ Z

“ ˘

ż θ

π

dξ2R2 cos ξ2 sin ξ2
1
2

?
2R cos ξ

2?
2R sin ξ

2
“ ˘2R

ż θ

π

dξ cos2 ξ

2

“ ˘R

ż θ

π

dξp1 ` cos ξq “ ˘Rpθ ´ π ` sin θq, (5.58)

In order to fix the sign, starting from θ “ π, z “ z˚, Z “ 0, x “ x˚, let us now take x “ x˚ ă 0 and
θ “ π ´ α for small positive α. We then have

z ´ z˚
“ ´Rp1 ` cos pπ ´ αqq “ ´Rp1 ´ cosαq “ ´Rp1 ´ p1 ´

α2

2 `Opα4
qqq „ ´R

α2

2 ă 0, (5.59)

so that z indeed decreases when α increases. Furthermore,

x´ x˚
“ ˘Rp´α` sin pπ ´ αqq “ ˘Rp´α` sinαq “ ˘Rp´α`α´

α3

3! `Opα5
qq „ ¯R

α3

3! , (5.60)

Since we want x to increase when α increases, we need the lower (+) sign in the final expression, and thus
the lower (-) sign in the final expression for x ´ x˚ in (5.58).

The parametric equations for the curve we are looking for are thus

z ´ z˚
“ ´Rp1 ` cos θq, x ´ x˚

“ Rpπ ´ θ ´ sin θq . (5.61)

These are the equations for a cycloid, which is the curve followed by a point on the circumference of
a disc that rolls without sliding on a line. More precisely, in the current case they describe an inverted
cycloid.

Indeed, the equations for a standard cycloid are

x “ apt ´ sin tq, y “ ap1 ´ cos tq, (5.62)

Figure 5.4: Standard cycloid. Source Wolfram MathWorld

The identification in our case relies on t Ñ π ´ θ, a Ñ R, x Ñ x ´ x˚, y Ñ ´pz ´ z˚q.
For a disc that rolls without sliding, one should have that the velocity of the center of the disc should

be v “ R 9θ “

b

p
dxC

dt
q2 ` p

dzC

dt
q2, and thus, by multipliying by dt

dθ
, R “

b

p
dxC

dθ
q2 ` p

dzC

dθ
q2. Here we have

that the motion of the center of the disc is

xC “ Rpπ ´ θq, zC “ ´R, (5.63)

so that dxc

dθ
“ ´R, dzC

dθ
“ 0, which indeed satisfies the required relation.

Each point of the circumference of the disc is animated by the composition of this translation with a
rotation around the center of the disc at p´R, 0q,

xcirc “ ´R sin θ, zcirc “ ´R cos θ. (5.64)
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5.2.4 Properties of the motion
We start at θ “ π, which corresponds to px˚, z˚q, then θ decreases to θ0 which corresponds to p0, 0q. This
angle is determined by

z˚
“ Rp1 ` cos θ0q ðñ

z˚ ´ R

R
“ cos θ0, x˚

“ Rpπ ´ θ0 ` sin θ0q. (5.65)

It follows from (5.56) that z˚ ´ z ě 0 and z˚ ´ z ď 2R, so that, if z “ 0, 0 ď z˚ ď 2R. From the first
equation, it then follows that there exists π ě θ0 ě 0. The last equation then fixes the integration constant
R in terms of the initial positions x˚, z˚.

The extremum for z is reached when dz
dθ

“ R sin θ “ 0, which implies that θ “ 0. It is a minimum
since d2z

pdθq2 “ R cos θ, which is positive at θ “ 0.
Since in addition dx

dθ
“ ´Rp1 ` cos θq, the velocity vanishes at θ “ π and θ “ ´π, and there is thus

an oscillation between these two extreme values.

Figure 5.5: Cycloid oscillation

If z˚ “ 2R, z ´ 2R “ ´Rp1 ` cos θq, the extremum is at p0, 0q and the motion is along the whole
branch of the cycloid.

Finally, let us study the temporal dependence starting from (5.47),

dt “ ´

d

1 ` pdx
dz

q2

2gpz˚ ´ zq
dz ùñ

dt

dθ
“ ´

d

pdz
dθ

q2 ` pdx
dθ

q2

2gpz˚ ´ zq
. (5.66)

Injecting the values for the cycloid,

dt

dθ
“ ´

d

pR sin θq2 ` pRp1 ` cos θqq2

2gRp1 ` cos θq
“ ´

d

R

g
. (5.67)

The duration of the motion for a generic point on the cycloid is

t ´ t˚ “ ´

d

R

g
pθ ´ πq “

d

R

g
pπ ´ θq. (5.68)

It follows that the duration of the fall from px˚, z˚q to p0, 0q is

tpθ0q ´ t˚ “

d

R

g
pπ ´ θ0q. (5.69)

More importantly, a half period corresponds to the motion from π to ´π,

tp´πq ´ t˚ “

d

R

g
2π. (5.70)

Since this is true for all z˚, the period is independent of the amplitude, that is to say of the initial heigth,
and the oscillation is isochronous.

A video of this state of affairs can be found here,
https://www.facebook.com/TrustMyScience/videos/982002581956755/ .
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Chapter 6

Hamiltonian formalism

In the regular case, the Euler-Lagrange equations are equivalent to a system of n second order equations

:qα
“ fα

pqβ, 9qβ, tq. (6.1)

These equations may be turned into an equivalent system of 2n first order differential equations by intro-
ducing additional variables vα and writing,

9qα
“ vα, 9vα

“ fα
pqβ, vβ, tq. (6.2)

This system does not in general derive from a variational principle. One of the aims of the Hamiltonian
formulation is to construct an equivalent system of 2n first order differential equations that does follow
from a variational principle. This will be done through a suitable Legendre transform below.

6.1 Legendre transform
Take a function of one variable,

y “ ypxq, (6.3)

and suppose that one is interested in the extrema of this function, i.e., the points x̄ such that y1px̄q “ 0.
The problem that one would like to address is to represent this function by using the derivative

p “
dy

dx
, (6.4)

as the dependent variable without loosing any information. Note that at each point x, the derivative
represents the slope of the tangent to the curve at that point, dy

dx
“ tan θ, with θ the angle of the tangent

and the horizontal axis.
One possibility would be to invert the last equation to get x “ xppq, which is possible locally when

d2y
dx2 ‰ 0, and then to substitute into (6.3). If the original function was y “ x2, one gets p “ 2x, x “ 1

2p
and then y “ 1

4p
2. The problem is however that the relation

y “
1
4p
dy

dx
q

2, (6.5)

does not allow one to uniquely reconstruct the parabola, with its extremum at x̄ “ 0 Indeed, separation of
variables gives

dy

2?
y

“ dx ÝÑ
?
y “ x ´ c ÝÑ y “ px ´ cq2, (6.6)

and the original parabola is not uniquely reconstructed.
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Figure 6.1: y “ px ´ cq2

A better solution consists in representing the original curve y “ ypxq by the family of tangent lines at
each point. In order to do so, one represents each member of this family by two numbers pp,Ψq, the slope
of the tangent p and the ´Ψ, the intersection of the tangent line to the curve at the point x with the y axis.
One then replaces the relation y “ ypxq by ψ “ ψppq. In terms of equations, this means that

p “
∆y
∆x “

y ` Ψ
x ´ 0 ðñ Ψ “ px ´ y. (6.7)

More precisely, given y “ ypxq, define

p “
dy

dx
. (6.8)

This relation can be inverted if d2y
dx2 ‰ 0 which we assume to be the case below. Inverting gives x “ xppq,

and in particular also that
dy

dx

ˇ

ˇ

ˇ

xppq
“ p. (6.9)

The Legendre transform Ψppq is defined as

Ψppq “
“

px ´ ypxq

ı

|x“xppq “ pxppq ´ ypxppqq . (6.10)

In the particular case where y “ x2, p “ 2x, x “ 1
2p, Ψppq “ 1

4p
2.

Figure 6.2: Family of tangent lines to y “ x2

Theorem 6. The Legendre transform is invertible. More precisely, the Legendre transform of the Legendre
transform is the starting point function.
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Indeed, we have to define x̃ “ dΨ
dp

and invert this relation to get p “ ppx̃q and then define ỹpx̃q “

rx̃p ´ Ψppqs|ppx̃q. When using the definition of Ψ,

x̃ppq “
d

dp
rpxppq ´ ypxppqqs “ xppq `

�
�
�

p
dx

dp
´

�
���

��dy

dx

ˇ

ˇ

ˇ

xppq

dx

dp
. (6.11)

It follows that x̃ “ x and that
x “

dΨ
dp

(6.12)

is the inverse relation to p “
dy
dx

. Furthermore,

ỹpxq “

”

xp ´ rpx ´ ypxqs|xppq

ı
ˇ

ˇ

ˇ

ppxq
“ ��

��xppxq ´��
��ppxqx ` ypxq. (6.13)

In the particular case where Ψppq “ 1
4p

2, x “ BΨ
Bp

“ 1
2p so that p “ 2x and y “ rxp ´ 1

4p
2s|p“2x “ x2.

The Legendre transform may be generalized to a function of several variables where some variables
are transformed and others remain passive. It has important applications for instance in the context of
thermodynamics.

6.2 Legendre transform in mechanics and Hamilton’s equations
Consider a Lagrangian, Lpqα, 9qα, tq, α “ 1, . . . , n. By definition, the Hamiltonian is the Legendre trans-
form of the Lagrangian with respect to all the generalized velocities 9qα. One thus defines the canonical
momenta by

pα “
BL

B 9qα
. (6.14)

In order to be able to invert this relation,

9qα
“ 9qα

pqβ, pβ, tq, (6.15)

one needs

|
B2L

B 9qαB 9qβ
| ‰ 0, (6.16)

and the Hamiltonian is

Hpqβ, pβ, tq “

”

pα 9qα
´ L

ı
ˇ

ˇ

ˇ

9qαpqβ ,pβ ,tq
. (6.17)

By the theorem on the inverse Legendre transform, we thus have that

9qα
“

BH

Bpα

(6.18)

is the inverse of relation (6.14) and that

Lpqα, 9qα, tq “

”

pα 9qα
´ Hpqβ, pβ, tq

ı
ˇ

ˇ

ˇ

ppq, 9q,tq
. (6.19)

This suggests to study the least action principle based on

SHrq, ps “

ż tf

ti

dt LH , LH “ pα 9qα
´ Hpqβ, pβ, tq, (6.20)
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which is first order in time derivatives. For infinitesimal virtual instantaneous variations δqαptq, δpαptq
such that δqαptf q “ 0 “ δqαptiq, one finds

δSH “

ż tf

ti

dt rδpαp 9qα
´

BH

Bpα

q `
d

dt
ppαδq

α
q ` p´ 9pα ´

BH

Bqα
qδqα

s, (6.21)

so that the equations of motion that one obtains when requiring that the first order action principle be an
extremum for all such variations are Hamilton’s equations

9qα
“

BH

Bpα

, 9pα “ ´
BH

Bqα
. (6.22)

These 2n first order differential equations appear here as the Euler-Lagrange equations of LH with respect
to pα, q

α.

Theorem 7. Hamiltonian’s equations are equivalent to the Euler-Lagrange equations of motions associ-
ated to the Lagrangian L, δL

δqα “ 0.

The proof proceeds as follows. From the definition of the Legendre transform, a general variation of
the Hamiltonian dH is given by

BH

Bqα
dqα

`
BH

Bpα

dpα `
BH

Bt
dt “ d

!

“

pα 9qα
´ Lpq, 9q, tq

‰ˇ

ˇ

9qpq,p,tq

)

“ dpα 9qα
| 9qpq,p,tq ` pαp

�
�
�
�B 9qα

Bqβ
dqβ

`

�
�
�
�B 9qα

Bpβ

dpβ `
�

�
��B 9qα

Bt
dtq ´

BL

Bqα

ˇ

ˇ

ˇ

9qpq,p,tq
dqα

´
BL

B 9qα

ˇ

ˇ

ˇ

9qpq,p,tq
p
�

�
�
�B 9qα

Bqβ
dqβ

`

�
�

�
�B 9qα

Bpβ

dpβ `
�
�

��B 9qα

Bt
dtq ´

BL

Bt

ˇ

ˇ

ˇ

9qpq,p,tq
dt. (6.23)

It follows that
BH

Bpα

“ 9qα
| 9qpq,p,tq,

BH

Bqα
“ ´

BL

Bqα

ˇ

ˇ

ˇ

9qpq,p,tq
,

BH

Bt
“ ´

BL

Bt

ˇ

ˇ

ˇ

9qpq,p,tq
. (6.24)

We already know that the first equation, which is equivalent to the first set of Hamilton’s equations in
(6.22) is the inverse to the definition of the canonical momenta in (6.14). When injecting this and the
second relation in the second set of Hamilton’s equations, and expressing the equations in terms of q, 9q, t,
one finds

d

dt
p

BL

B 9qα
q “

BL

Bqα
ðñ

δL

δqα
“ 0. (6.25)

6.3 Poisson brackets
By definition, phase space is the 2n dimensional space with local coordinates given by the so-called
canonical variables pqα, pαq, α “ 1, . . . n. Consider then phase space functions with an additional explicit
dependence on time, F pqα, pα, tq. For natural trajectories, that is to say, when Hamilton’s equations (6.22)
are satisfied, the time evolution of such a function is given by

dF

dt
“

BF

Bqα
9qα

`
BF

Bpα

9pα `
BF

Bt
“

BF

Bqα

BH

Bpα

´
BF

Bpα

BH

Bqα
`

BF

Bt

“ tF,Hu `
BF

Bt
.

(6.26)
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where the Poisson bracket of two phase space functions F1, F2 (that may depend explicitly on time) is
defined by

tF1, F2u “
BF1

Bqα

BF2

Bpα

´
BF1

Bpα

BF2

Bqα
. (6.27)

This definition implies in particular the “canonical Poisson brackets”

tqα, qβ
u “ 0 “ tpα, pβu, tqα, pβu “ δα

β “ ´tpβ, q
α
u. (6.28)

Furthermore, in these terms, Hamilton’s equations become

9qα
“ tqα, Hu, 9pα “ tpα, Hu. (6.29)

The Poisson bracket satisfies

• skew-symmetry
tF,Gu “ ´tG,F u, (6.30)

• right (and as a consequence of skew-symmetry, also left) linearity

tF, c1G1 ` c2G2u “ c1tF,G1u ` c2tF,G2u, c1, c2 P R. (6.31)

• right (and as a consequence of skew-symmetry, also left) Leibniz rule

tF,GKu “ tF,GuK ` GtF,Ku. (6.32)

• Jacobi identity

tF, tG,Kuu ` tG, tK,F uu ` tK, tF,Guu “ 0
ðñ tF, tG,Kuu “ tG, tF,Kuu ` ttF,Gu, Ku,

(6.33)

where the equivalence of the two expressions relies on the skew-symmetry of the Poisson bracket.

The proof of all of these properties, except for the Jacobi identity, follows directly from the definition.
For the Jacobi identity, the proof may be streamlined by introducing a collective notation for the phase
space coordinates,

zA
“ pqα, pαq, A “ 1, . . . , 2n, (6.34)

together with the matrix,

ω “

ˆ

0 1
´1 0

˙

, ωAB
“

ˆ

0 δA,B´n

´δA´n,B 0

˙

, (6.35)

which is skew-symmetric, ωAB “ ´ωBA, and whose inverse is the transposed matrix with components
denoted by ωAB, ωABωBC “ δA

C , which is also skew-symmetric ωAB “ ´ωBA. In these terms, Poisson
brackets can be written compactly as

tF,Gu “
BF

BzA
ωAB BG

BzB
, tzA, zB

u “ ωAB, (6.36)

while Hamilton’s equation become

9zA
“ tzA, Hu “ ωAB BH

BzB
. (6.37)
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To each phase space function F , one may associated the first order differential operator

vF “ vB
F

B

BzB
, vB

F “
BF

BzA
ωAB, (6.38)

which may also be written as
vF “ tF, ¨u. (6.39)

In particular, one may write Poisson brackets as

tF,Gu “ vFG “ ´vGF. (6.40)

For the proof of the Jacobi identity, one starts by re-writing the second of (6.33) as

vF pvGKq ´ vGpvFKq “ vtF,GuK. (6.41)

Developing the left-hand side, one gets

vA
F

B

BzA
pvB

G

BK

BzB
q ´ vB

G

B

BzB
pvA

F

BK

BzA
q

“ vA
F

BvB
G

BzA

BK

BzB
`�������
vA

F v
B
G

B2K

BzABzB
´ vB

G

BvA
F

BzB

BK

BzA
´�������
vB

Gv
A
F

B2K

BzBBzA

“
“

vB
F

BvA
G

BzB
´ vB

G

BvA
F

BzB

‰ BK

BzA

“
“ BF

BzB
ωBC B

BzC
p

BG

BzD
qωDA

´
BG

BzB
ωBC B

BzC
p

BF

BzD
qωDA

‰ BK

BzA
.

(6.42)

For the right hand side, one finds

vA
tF,Gu

BK

BzA
“

B

BzB

“ BF

BzC
ωCD BG

BzD

‰

ωBA BK

BzA

“
“ B2F

BzBBzC
ωCD BG

BzD
`

BF

BzC
ωCD B2G

BzBBzD

‰

ωBA BK

BzA

“
“ B2F

BzDBzB
ωBC BG

BzC
ωDA

`
BF

BzC
ωCB B2G

BzDBzB
ωDA

‰ BK

BzA
,

(6.43)

which agrees with the previous equation when using skew-symmetry of ωBC in the first term of the right
hand side.
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Chapter 7

Covariance of the Lagrangian formalism

7.1 Change of dependent variables
Consider a non-singular change of variables of the generalized Lagrange coordinates,

qα
“ qα

pq1β, tq, det p
Bqα

Bq1β
q ‰ 0, (7.1)

with inverse transformation denoted by q1β “ q1βpqα, tq. The Lagrangian in the new coordinates is

L1
pq1, 9q1, tq “ Lpqpq1, tq,

d

dt
qpq1, tq, tq :“ L| (7.2)

where the bar means that one has done the change of variables inside the function, with d
dt
qαpq1β, tq “

Bqα

Bq1γ 9q1γ `
Bqα

Bt
.

By direct computation one finds

δL1

δq1β
“

BL1

Bq1β
´
d

dt

BL1

B 9q1β

“
BL

Bqα
|
Bqα

Bq1β
`

BL

B 9qα
|
` B2qα

Bq1βBq1γ
9qγ1

`
B2qα

Bq1βBt

˘

´
d

dt

` BL

B 9qα
|
Bqα

Bq1β

˘

“
Bqα

Bq1β

”

BL

Bqα
| ´

d

dt

` BL

B 9qα
|
˘

ı

. (7.3)

Indeed, when d
dt in the last term of the first line hits Bqα

Bq1β the previous term in the first line is cancelled. As a consequence, out
of the second and third term of the first line, one only remains with d

dt that hits BL
B 9qα |.

Furthermore,

d

dt

` BL

B 9qα
|
˘

“
B2L

BqβB 9qα
|
d

dt
qβ

pq1γ, tq `
B2L

B 9qβB 9qα
|
d2

dt2
qβ

pq1γ, tq `
B2L

BtB 9qα
| “

` d

dt

BL

B 9qα

˘

|, (7.4)

where fpq, 9q, :q, tq| “ f
`

qpq1, tq, d
dt
qpq1, tq, d2

dt2 qpq
1, tq, t

˘

. Hence,

δL1

δq1β
“

Bqα

Bq1β

` δL

δqα

˘

| . (7.5)

This equation captures the covariance of Euler-Lagrange equations under changes of Lagrange coor-
dinates. The meaning is as follows. Suppose that q̄αptq is a natural trajectory, i.e., a solution to the
Euler-Lagrange equations of motion,

δL

δqα
pq̄α

ptq,
d

dt
q̄α

ptq, tq “ 0. (7.6)
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If one changes variables, q1β “ q1βpqα, tq, with inverse given in (7.1), it follows that q̄1βptq “ q1βpq̄αptq, tq
is a solution for the variational pinciple defined by L1pq1, 9q1, tq. Indeed, (7.5) is equivalent to

Bq1β

Bqα

δL1

δq1β

`

q1
pq, tq,

d

dt
q1

pq, tq,
d2

dt2
q1

pq, tq, t
˘

“
δL

δqα
pq, 9q, :q, tq. (7.7)

When evaluating at q̄αptq, the RHS vanishes. The result that δL1

δq1β evaluated at q̄1βptq vanishes then follows

from invertibility of Bq1β

Bqα .

7.2 Change of the independent variable
The action is a functional, it produces a number if one evaluates it on a trajectory,

Srqs “

ż tf

ti

dt L
´

qptq,
d

dt
qptq, t

¯

P R. (7.8)

Under an arbitrary reparametrisation of time, t “ tpt1q, with inverse denoted by t1 “ t1ptq, one finds the
same number provided that

Srqs “

ż t1“t1ptf q

t1“t1ptiq

dt1
dt

dt1
L

´

qptpt1qq,
dt1

dt

d

dt1
qptpt1qq, tpt1q

¯

. (7.9)

This suggests that the Euler-Lagrange equations are covariant under t “ tpt1q and q1αpt1q “ qαptpt1qq

provided that

L1
´

q1,
dq1

dt1
, t1q “

dt

dt1
L

´

qptpt1qq,
dt1

dt

d

dt1
qptpt1qq, tpt1q

¯

. (7.10)

with
dq1α

dt1
“
dqα

dt
|t“tpt1q

dt

dt1
“ 9qα

|t“tpt1q

dt

dt1
. (7.11)

Consider first a simple example. If L “ 1
2m 9q2, δL

δq
“ 0 ðñ :q “ 0 ðñ qptq “ vt` c with v, c P R.

Let t, t1 ą 0 and take t “
?
t1 ðñ t1 “ t2.

It follows that dt1

dt
“ 2t “ 2

?
t1, and the solution becomes q1pt1q “ v

?
t1 ` c. The new Lagrangian is

L1
“
dt

dt1
1
2mp

dt1

dt

dq1

dt1
q

2
“ m

?
t1p
dq1

dt1
q

2. (7.12)

The new equations of motion are

δL1

δq1
“

BL1

Bq1
´

d

dt1
BL1

B
dq1

dt1

“ ´
d

dt1

´

2m
?
t1
dq1

dt1

¯

“ ´m
1

?
t1
dq1

dt1
´ 2m

?
t1
d2q1

dt12
“ 0, (7.13)

which is equivalent to
d2q1

dt12
“ ´

1
2t1

dq1

dt1
. (7.14)

This equation holds since
dq1

dt1
“

1
2
v

?
t1
,

d2q1

dt12
“ ´

1
4

v

p
?
t1q3

. (7.15)
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The proof in the general case proceeds as follows.

δL1

δq1α
“

BL1

Bq1α
´

d

dt1
BL1

B
dq1α

dt1

“
dt

dt1
BL

Bqα
| ´

d

dt1

´

�
�
�dt

dt1
BL

B 9qα
|
�
�
�dt1

dt

¯

“
dt

dt1

”

BL

Bqα
| ´

d

dt

` BL

B 9qα
|
˘

ı

“
dt

dt1

” δL

δqα

ı

|, (7.16)

where the last equality holds provided one can show that

d

dt

` BL

B 9qα
|
˘

“
“ d

dt

BL

B 9qα

ı

|. (7.17)

As in the preceding section, δL1

δq1α “ dt
dt1 p

δL
δqα q| means that, if qαptq is a natural trajectory for Lpq, 9q, tq,

then so is q1αpt1q “ qαptpt1qq for L1pq1, dq1

dt1 , t
1q.

In order to show (7.17), we have

d

dt

”

BL

B 9qα

`

q1
pt1q,

dt1

dt

dq1

dt1
, tpt1q

˘

ı

“
B2L

BqβB 9qα
|
dt1

dt

dq1β

dt1
`

B2L

B 9qβB 9qα
|
`d2t1

dt2
dq1β

dt1
` p

dt1

dt
q

2d
2q1β

dt12
˘

`
B2L

BtB 9qα
|
�
�
�dt1

dt �
�
�dt

dt1
, (7.18)

while
” d

dt

BL

B 9qα

ı

| “
B2L

BqβB 9qα
| 9qβ

| `
B2L

B 9qβB 9qα
|:qβ

| `
B2L

BtB 9qα
|. (7.19)

When taking into account (7.11), the first terms on the RHS do agree, since so do the last terms, we only
have to show that middle terms do as well, which is the case if

:qβ
| “

d2t1

dt2
dq1β

dt1
` p

dt1

dt
q

2d
2q1β

dt12
. (7.20)

Differentiating (7.11) with respect to t1 gives

d2q1β

dt12
“

d

dt1
p
dt

dt1
9qβ

|q “
d2t

dt12
9qβ

| ` p
dt

dt1
q

2:qβ
|, (7.21)

which implies that

:qβ
| “ p

dt1

dt
q

2d
2q1β

dt12
´ p

dt1

dt
q

2 d
2t

dt12
9qβ

|. (7.22)

This gives the result when using (7.11) and

0 “
d

dt
p
dt1

dt

dt

dt1
q “

d2t1

dt2
dt

dt1
` p

dt1

dt
q

2 d
2t

dt12
ùñ

d2t1

dt2
“ ´p

dt1

dt
q

3 d
2t

dt12
. (7.23)

7.3 Combined change of variables
When combining the results of the two previous sections, Euler-Lagrange equations are covariant under

"

qα “ qαpq1β, t1q
t “ tpt1q

(7.24)

with inverse
"

qα “ q1αpqβ, tq
t1 “ t1ptq

(7.25)
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provided that

L1
´

q1β
pt1q,

d

dt1
q1β

pt1q, t1
¯

“
dt

dt1
L

´

qα
pq1β

pt1q, t1q,
dt1

dt

d

dt1
qα

pq1β
pt1q, t1q, tpt1q

¯

, (7.26)

with d
dt1 q

αpq1βpt1q, t1q “
Bqα

Bq1γ
dq1γ

dt1 `
Bqα

Bt1 . Indeed, showing that

δL1

δq1β
“
dt

dt1
` δL

δqα

˘

|
Bqα

Bq1β
. (7.27)

can now be done in a straightforward way by combining the intermediate steps of the proofs of the previ-
ous two sections.
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Chapter 8

Canonical transformations

8.1 Generating functionals
Under a general (invertible) transformation of the dependent variables,

q1α
“ q1α

pq, p, tq, p1
α “ p1

αpq, p, tq ðñ z1A
“ zA

pz, tq, (8.1)

there is no guarantee that the Hamiltonian equations of motion keep, the same form, that is to say, that
there exists a suitable Hamiltonian H 1pq1, p1, tq such that the Hamiltonian equations of motion in the old
variables (6.22) are equivalent to

9q1α
“

BH 1

Bp1
α

, 9p1
α “ ´

BH 1

Bqα
. (8.2)

However, if one can find a function Gpz1, tq such that

“

pα 9qα
´ H

‰
ˇ

ˇ

zpz1,tq
“ p1

α 9q1α
´ H 1

pz1, tq `
dG

dt
, (8.3)

then Hamilton’s equations in the new variables (8.2) are equivalent to Hamilton’s equations in the old
variables (6.22).

The proof uses the fact that the addition of a total derivative does not change the equations of motion,
so that the Euler-Lagrange equations of motion with respect to z1A of the right hand side are given by (8.2).
The result follows from the covariance of the Euler-Lagrange equations of motions, which guarantees that
the Euler-Lagrange equations of motion of the left hand side with respect to z1A are equivalent to the Euler
Lagrange equations of LH with respect to zA, which coincide with Hamilton’s equations (6.22).

More explicitly, in terms of equations, recall that LHpz, 9z, tq “ pα 9qα ´ Hpz, tq. It follows that

L1
Hpz1, 9z1, tq “ LH

`

zpz1, tq,
d

dt
zpz1, tq, t

˘

“ p1
α 9q1α

´ H 1
pz1, tq `

d

dt
G (8.4)

where the first equality is the definition of the transformed first order Lagrangian, while the second equal-
ity is equivalent to the assumption (8.3).

When taking the Euler-Lagrange derivative of this equation with respect to z1A, we get on the left hand
side

δL1
H

δz1A
“

BzB

Bz1A

δLH

δzB

ˇ

ˇ

ˇ

z“zpz1,tq
, (8.5)

when using covariance of the Euler-Lagrange derivatives (cf. equation (7.5)). Since Euler-Lagrange
derivatives annihilate total derivatives, (4.29), the right hand side reduces to

δ

δz1A

“

p1
α 9q1α

´ H 1
pz1, tq

‰

(8.6)
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When requiring these Euler-Lagrange derivatives to vanish, one finds Hamilton’s equations of motion in
the new variables, (8.2), while requiring (8.5) to vanish is equivalent to Hamilton’s equations in the old
variables.

Suppose now that one may use as variables qα, q1α, t, or in other words that pα “ pαpq1, p1pq, p, tq, tq
may be solved for pα so as to provide pα “ pαpq, q1, tq. Let us define

Γ1pq, q1, tq “ G
´

q1, p1
`

q, ppq, q1, tq, t
˘

, t
¯

. (8.7)

In these variables, (8.3) becomes

pαpq, q1, tq 9qα
´ H

`

q, ppq, q1, tq, t
˘

“ p1
α

`

q, ppq, q1, tq, t
˘

9q1α
´ H 1

´

pq1, p1
`

q, ppq, q1, tq, t
˘

¯

` 9qα BΓ1

Bqα
` 9q1α BΓ1

Bq1α
`

BΓ1

Bt
.

(8.8)

By identifying the coefficents of the time derivatives, this is equivalent to

pα “
BΓ1

Bqα
, p1

α “ ´
BΓ1

Bq1α
, H 1

“ H `
BΓ1

Bt
. (8.9)

The information on the canonical transformation defined by (8.3) is thus contained in the “generating
function” (of the first kind) Γ1pq, q1, tq, where one assumes that

|
B2Γ1

BqαBq1β
| ‰ 0 (8.10)

so that one may solve pα “ pαpq, q1, tq in terms of q1α “ q1αpq, p, tq.
In particular for instance, if Γ1 “ qαδαβq

1β , the transformation becomes pα “ q1
α, p1

α “ ´qα, so that
this transformation exchanges the role played by the generalized coordinates and the momenta,

pqα, pαq Ñ ppα,´q
α
q. (8.11)

In the considerations below, let us focus for notational simplicity on a single degree of freedom and
omit the explicit time dependence. Consider then the (opposite of the) Legendre transform of Γ1pq, q1q for
which p1 “ ´BΓ1

Bq1 with respect to q1,

Γ2pq, p1
q “

”

p1q1
` Γ1pq, q1

q

ıˇ

ˇ

ˇ

q1“q1pq,p1q
. (8.12)

This is the generating function of the second kind, for which

p “
BΓ2

Bq
, q1

“
BΓ2

Bp1
. (8.13)

In particular, if Γ2 “ qp1, the transformation is the identity, p “ p1, q1 “ q.
The Legendre transform of Γ1 with respect to q, where p “ BΓ1

Bq
is the generating function of the third

kind,
Γ3pp, q1

q “

”

´ pq ` Γ1pq, q1
q

ı
ˇ

ˇ

ˇ

q“qpp,q1q
, (8.14)

for which
p1

“ ´
BΓ3

Bq1
, q “ ´

BΓ3

Bp
. (8.15)

In particular, if Γ3 “ pq1, the transformation is p “ ´p1, q1 “ ´q.
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Finally, the generating function of the fourth kind is the Legendre transform of Γ2pq, p1q, for which
p “ BΓ2

Bq
with respect to q,

Γ4pp, p1
q “

”

´ pq ` Γ2pq, p1
q

ı
ˇ

ˇ

ˇ

q“qpp,p1q
, (8.16)

for which
q1

“
BΓ4

Bp1
, q “ ´

BΓ4

Bp
. (8.17)

In particular, if Γ4 “ pp1, q1 “ p, q “ ´p1.
Remark: For several canonical pairs, one may have generating functions of different type in the

different canonical pairs.
How can one remember these formulas ?

q, q1 : pdq “ p1dq1
` dΓ1pq, q1

q, p “
BΓ1

Bq
, p1

“ ´
BΓ1

Bq1
, (8.18)

q, p1 : p1dq1
“ dpp1q1

q ´ dp1q1, Γ2 “ Γ1 ` p1q1,

pdq “ ´dp1q1
` dΓ2pq, p1

q, p “
BΓ2

Bq
, q1

“
BΓ2

Bp1
,

(8.19)

p, q1 : pdq “ dppqq ´ dpq, Γ3 “ Γ1 ´ pq,

´dpq “ p1dq1
` dΓ3pp, q1

q, q “ ´
BΓ3

Bp
, p1

“ ´
BΓ3

Bq1
,

(8.20)

p, p1 : Γ4 “ Γ2 ´ pq “ Γ3 ` p1q1,

´dpq “ ´dp1q1
` dΓ4pp, p1

q, q “ ´
BΓ4

Bp
, q1

“
BΓ4

Bp1
.

(8.21)

Remark: The transformation

q1
“ µq, p1

“ νp, µ, ν P R˚, (8.22)

is a canonical transformation with
H 1

pq1, p1, q “ µνHp
q1

µ
,
p1

ν
q (8.23)

because
p1 9q1

´ H 1
“ µν

`

p 9q ´ H
˘
ˇ

ˇ

q“
q1

µ
,p“

p1

ν

, (8.24)

and the Euler-Lagrange equations are unchanged when multiplying the Lagrangian by a non-vanishing
constant. There exists no generating function however. The same holds for the canonical transformation

q1
“ p, p1

“ q, H 1
“ ´H. (8.25)

A canonical transformation that admits a generating function is called a restricted canonical transfor-
mation.
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8.2 Invariance of canonical Poisson brackets
Theorem 8. A canonical transformation is a restricted canonical transformation if and only if

tq1α, q1β
u “ 0 “ tp1

α, p
1
βu, tq1α, p1

βu “ δα
β , ðñ tz1A, z1B

u “ ωAB . (8.26)

Remarks:
(i) The last condition becomes explicitly

Bz1A

BzC
ωCD Bz1B

BzD
“ ωAB

ðñ
Bz1A

BzC
ωCD

“ ωAB BzD

Bz1B
, (8.27)

or
˜

Bq1α

Bqβ
Bq1α

Bpβ
Bp1

α

Bqβ
Bp1

α

Bpβ

¸

ˆ

0 δβ
γ

´δγ
β 0

˙

“

ˆ

0 δα
β

´δβ
α 0

˙

˜

Bqγ

Bq1β

Bpγ

Bq1β

Bqγ

Bp1
β

Bpγ

Bp1
β

¸

, (8.28)

which is equivalent to the following relations between mixed partial derivatives:

Bq1α

Bpγ

“ ´
Bqγ

Bp1
α

paq,
Bq1α

Bqγ
“ ´

Bpγ

Bp1
α

pbq,

Bp1
α

Bpγ

“ ´
Bqγ

Bq1α
pcq,

Bp1
α

Bqγ
“ ´

Bpγ

Bq1α
pdq.

(8.29)

(ii) As a consequence of the theorem, for a restricted canonical transformation, Poisson brackets can
be computed in the old or in the new variables. Indeed, if F 1pz1q “ F pzpz1qq, G1pz1q “ Gpzpz1qq,

tF 1, G1
uz1 “

BF 1

Bz1A
ωAB BG1

Bz1B
“

BF

BzC

ˇ

ˇ

ˇ

z“zpz1q

BzC

Bz1A
ωAB BzD

Bz1B

BG

BzD

ˇ

ˇ

ˇ

z“zpz1q

“

´

BF

BzC
ωCD BG

BzD

¯ˇ

ˇ

ˇ

z“zpz1q
“

´

tF,Gu

¯ˇ

ˇ

ˇ

z“zpz1q
,

(8.30)

where we have used that, by multiplying by the Jacobian matrices of the inverse transformations, the first
of (8.27) is equivalent to

BzC

Bz1A
ωAB BzD

Bz1B
“ ωCD. (8.31)

(iii) Equation (8.31) means that the inverse of a canonical transformation is a canonical transforma-
tion. Consider then also a second canonical transformations, z2 “ z2pz1q. The Jacobian matrices of the
composed transformation z2 “ z2pzq “ z2pz1pzqq are given by

Bz2A

BzB
“

Bz2A

Bz1C

ˇ

ˇ

ˇ

z1“z1pzq

Bz1C

BzB
, (8.32)

which allows to prove directly that the composition of two canonical transformations is a canonical trans-
formation. This implies that canonical transformations form a (sub-) group (of the group of invertible
transformations).

The detailed proof of the theorem is omitted here and can be found in the handwritten “french” notes.

In the following, we only consider restricted canonical transformations but omit the adjective “re-
stricted”.
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8.3 Infinitesimal canonical transformations
In order to study an infinitesimal canonical transformation close to the identity, we start from a generating
function of the second kind of the form

Γ2 “ p1
βq

β
` ϵGpq, p1, tq, (8.33)

because we have already seen that for ϵ “ 0, such a canonical transformation reduces to the identity. For
ϵ ‰ 0, the associated canonical transformation is defined by

pα “
BΓ2

Bqα
“ p1

α ` ϵ
BG

Bqα
, q1α

“
BΓ2

Bp1
α

“ qα
` ϵ

BG

Bp1
α

. (8.34)

In the second terms of these relations one may replace p1
β by pβ in G, since one is already at first order on

ϵ, so that G “ Gpq, p, tq. One may then write,

δqα
“ q1α

´ qα
“ ϵ

BG

Bpα

“ ϵtqα, Gu, δpα “ p1
α ´ pα

“ ´ϵ
BG

Bqα
“ ϵtpα, Gu, (8.35)

and thus also
δzA

“ ϵtzA, Gu . (8.36)

The phase space function Gpq, p, tq is called the generator of the infinitesimal canonical transformation.

8.4 One-parameter group of canonical transformations
A family of canonical transformation depending on a parameter λ,

zA
λ “ ZA

pz, λq, (8.37)

such that
zA

λ1`λ2 “ ZA
pz, λ1 ` λ2q “ ZA

`

Zpz, λ1q, λ2
˘

, zA
0 “ ZA

pz, 0q “ zA, (8.38)

is called a one-parameter group of canonical transformations.
The transformation zA

λ`ϵ with ϵ infinitesimal is an infinitesimal canonical transformation that reduces
to zA

λ for ϵ “ 0. It follows from (8.36) that there exists a generator Gpzλq such that

zA
λ`ϵ ´ zA

λ “ ϵtzA
λ , Gpzλquzλ

. (8.39)

This can also be written as
d

dλ
zA

λ “ ´tGpzλq, zA
λ uzλ

, (8.40)

or, when using the property that Poisson brackets can be evaluated before or after a canonical transforma-
tion,

d

dλ
ZA

pz, λq “ ´tGpZpz, λqq, ZA
pz, λquz. (8.41)

Conversely, this equation determines uniquely a one-parameter group of canonical transformations close
to the identity.

For all functions F pzλq that do not depend explicitly on λ,

dF

dλ
“

BF

BzA
λ

dzA
λ

dλ
“ ´tGpzλq, zA

λ u
BF

BzA
λ

“ ´tGpzλq, F pzλquzλ
. (8.42)
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This implies in particular that dGpzλq

dλ
“ 0 if BG

Bλ
“ 0. Assuming that Gpzλq has no explicit λ dependence

thus implies that
d2zA

λ

pdλq2 “ tGpzλq, tGpzλq, zA
λ uzλ

uzλ
, (8.43)

and, by iteration, that

dnzA
λ

pdλqn
“ p´1q

n
tGpzλq, tGpzλq, . . . , tGpzλq, zA

λ uzλ
uzλ

uzλ
, (8.44)

with n brackets. When using that zA
0 “ zA and by putting λ to zero, this gives

dnzA
λ

pdλqn

ˇ

ˇ

ˇ

λ“0
“ p´1q

n
tGpzq, tGpzq, . . . , tGpzq, zA

uuu. (8.45)

One then may write the function in a neighborhood of the identity in terms of its Taylor series as

zA
λ “ zA

`
ÿ

n“1

p´1qnλn

n! tGpzq, tGpzq, . . . , tGpzq, zA
uuu. (8.46)

This Taylor series may also be written as

zA
λ “ e´λtG,¨uzA

“ e´λvGzA. (8.47)

Remarks:
(i) When the generator of a one-parameter group of canonical transformations depends explicitly on

the parameter λ, it remains true that the one-parameter group is uniquely determined by the generator in
a neighborhood of the identity. The explicit formula is however more involved than the exponential series
above.

(ii) Given initial conditions zA
0 “ zA, the solution to the equations of motion zA

t “ zApz0, tq is a
one-parameter group of canonical transformations whose generator is the Hamiltonian. This follows from
the fact that, when λ “ t and G “ H , the equations (8.40) coincide with Hamilton’s equations of motion.
Furthermore, if H does not explicitly depend on time, BH

Bt
“ 0, the solution of the equations of motion

may be written as
zt “ e´ttH,¨uz, (8.48)

in a neighborhood of the identity.
(iii) If Kpzq is a first integral that does not depend explicitly on time, tK,Hu “ 0, it follows that

Kpztq “ Kpz0q. Indeed, dKpztq

dt
“ tKpztq, Hpztquzt “ 0.

(iv) Conversely, when considering the one-parameter group of canonical transformations zA
λ generated

by the first integral Kpzq which does not depend explicitly on time, for a Hamiltonian that does not
explicitly on λ, it follows that Hpzλ, tq “ Hpz0, tq since dHpzλ,tq

dλ
“ ´tKpzλq, Hpzλ, tquzλ

“ 0 so that
Hpzλ, tq “ Hpz0, tq.

The general case when the generator depends explicitly on the parameter can be found in the hand-
written “french” notes.

8.5 Liouville theorem
For a system of first order differential equations,

9xa
“ va

pxb, tq, a, b “ 1, . . . , n, (8.49)
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there is existence and uniqueness for the solution of the inital value problem,

xa
t “ Xa

pt;xb
0, t0q, Xa

pt0;xb
0, t0q “ xa

0, (8.50)

under suitable conditions which we assume to be satisfied.
One may also interpret this equation as (time dependent) transformations that map the points with

coordinates xa
0 to the points with coordinates xa

t . This group of transformation is also called a “flow”, in
analogy with fluid mechanics.

Consider then a function ρpxa, tq and its integral over a domain Dptq of Rn,

Iptq “

ż

Dptq

ρpx, tqdx1 . . . dxn. (8.51)

When using the flow, to each point of the domain Dptq corresponds a single point at a time t1. This defines
the domain Dpt1q.

Figure 8.1: Flow of the points of a domain

One wants to understand how the integral changes in time,

Ipt1q ´ Iptq “

ż

Dpt1q

ρpx, t1qdx1 . . . dxn
´

ż

Dptq

ρpx, tqdx1 . . . dxn. (8.52)

In order to do so, one uses that
ż

Dpt1q

ρpx, t1qdx1 . . . dxn
“

ż

Dptq

ρ
`

Xpt1;x, tq, t1
˘

ˇ

ˇ

ˇ

BXa

Bxb

ˇ

ˇ

ˇ
dx1 . . . dxn, (8.53)

to bring back the integral over the new domain to an integral over the old domain.
To see that this is indeed the case, take an example in 1 dimension. Remember that for a definite

integral,

I “

ż x“b

x“a

fpxqdx, (8.54)

if one makes a change of variables, x “ gpyq, the integral becomes

I “

ż y“g´1pbq

y“g´1paq

fpgpyqq
dg

dy
dy. (8.55)

Take the domain at time Dptq to be the set of points that belong to the interval ra, bs, xt P ra, bs and

Iptq “

ż x“b

x“a

ρpx, tqdx. (8.56)
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Under the map xt1 “ Xpt1;x, tq, the end-point of the new domain Dpt1q are Xpt1; a, tq and Xpt1; b, tq, the
images of xt “ a and xt “ b. It follows that

Ipt1q “

ż x“Xpt1;b,tq

x“Xpt1;a,tq

ρpx, t1qdx. (8.57)

When doing the change of variables x “ Xpt1; y, tq it follows that

Ipt1q “

ż y“X´1pt1;Xpt1;b,tq,tq“b

y“X´1pt1;Xpt1;a,tq,tq“a

ρ
`

Xpt1; y, tq, t1
˘BX

By
dy “

ż x“b

x“a

ρ
`

Xpt1;x, tq, t1
˘BX

Bx
dx, (8.58)

and thus, by generalizing to multiple variables and integrals,

Ipt1q ´ Iptq “

ż

Dptq

”

ρ
`

Xa
pt1;x, tq, t1

˘

ˇ

ˇ

ˇ

BXa

Bxb

ˇ

ˇ

ˇ
´ ρpx, tq

ı

dx1 . . . dxn . (8.59)

In particular, it follows that Ipt1q “ Iptq if ρ is constant and the Jacobian unity, |BX{Bx| “ 1. If ρ “ 1,
Iptq represents the volume of Dptq which remains constant for a flow with unit Jacobian.

Consider transformations on phase space, so that the coordinates xa are now the coordinates zA. For
a canonical transformation, we have

Bz1A

BzC
ωCD Bz1B

BzD
“ ωAB

ðñ JωJT
“ ω, JA

B “
Bz1A

BzB
, (8.60)

it follows that det J “ ˘1 since detω “ 1 ‰ 0. For all canonical transformations connected to the
identity, one thus has by continuity that det J “ 1. (One may show further that this is the case for
all canonical transformations.) Since the Hamiltonian evolution is a one-parameter group of canonical
transformations, with unit Jacobian, we have:

Theorem 9 (Liouville). The volume of any domain of phase space is preserved under Hamiltonian time
evolution.

Let us now analyse the consequence of (8.59) for an infinitesimal flow, t1 “ t ` ϵ. In this case,

Xa
pt ` ϵ;xb, tq “ xa

` ϵva
pxb, tq ` Opϵ2

q, (8.61)

while
ˇ

ˇ

ˇ

BXa

Bxb

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
δa

b ` ϵ
Bva

Bxb
` Opϵ2

q| “ 1 ` ϵ
Bva

Bxa
` Opϵ2

q. (8.62)

As a consequence,

dIptq

dt
“ lim

ϵÑ0

Ipt ` ϵq ´ Iptq

ϵ
“

ż

Dptq

”

Bρ

Bt
`

Bρ

Bxa
va

` ρ
Bva

Bxa
sdx1 . . . dxn. (8.63)

It follows that
dIptq

dt
“ 0, @Dptq ðñ

Bρ

Bt
`

B

Bxa
pρva

q “ 0. (8.64)

The equation for ρ on the right hand side is called a “continuity equation”.
For a Hamiltonian system, we have ρ “ ρpz, tq, while va Ñ ωAB BH

BzB , and the continuity equation
becomes

Bρ

Bt
`

B

BzA
pρωAB BH

BzB
q “ 0 ðñ

Bρ

Bt
` tρ,Hu “ 0 . (8.65)

This is the Liouville equation in statistical mechanics, for which ρ “ 1 is a particular solution.
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Chapter 9

Noether’s theorem and Galilean relativity

9.1 Noether’s first theorem
A first integral or conserved quantity is a function Kpq, 9q, tq that is constant on all natural trajectories,

dK

dt
|q̄ “ 0, with δL

δqα
|q̄ “ 0. (9.1)

An infinitesimal symmetry is an infinitesimal virtual variation that leaves the Lagrangian invariant up to a
total derivative,

δQq
α

“ Qα
pq, 9q, tq such that δQL “

dF pq, 9q, tq

dt
. (9.2)

Noether’s first theorem states that:

Theorem 10 (Noether’s 1st). Every infinitesimal symmetry gives rise to a conserved quantity.

Indeed,

δQL “ δQq
α BL

Bqα
` δQ 9qα BL

B 9qα
“ Qα BL

Bqα
`
dQα

dt

BL

B 9qα
“
dF

dt
, (9.3)

where the second equality follows because infinitesimal virtual variations commute with the total deriva-
tive, while the last equality follows by the assumption that the variation is a symmetry. Using

dQα

dt

BL

B 9qα
“

d

dt
pQα BL

B 9qα
q ´ Qα d

dt

BL

B 9qα
, (9.4)

the latter combines with the first term to produce the Euler-Lagrange derivatives, while the former com-
bines with the total derivative on the RHS,

Qα δL

δqα
“

d

dt
pF ´

BL

B 9qα
Qα

q. (9.5)

Since the LHS vanishes when evaluated at any natural trajectory, it follows that associated the conserved
quantity is given by

K “ pαQ
α

´ F , pα “
BL

B 9qα
. (9.6)

The overall minus sign is conventional and amounts to writing Noether’s first theorem as

Qα δL

δqα
`
d

dt
K “ 0. (9.7)
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Remark: Neither the theorem nor the expression depends on the choice of representative for the
action: if L1 “ L `

dfpq,tq

dt
, it follows that δQ is also an infinitesimal symmetry of L1,

δQL
1

“ δQL `
d

dt
pδQfq “

d

dt
pF ` δQfq, (9.8)

with associated conserved quantity

K 1
“ F `

�
�
�
�Bf

Bqα
Qα

´ p
BL

B 9qα
`

�
�
�Bf

Bqα
qQα

“ K. (9.9)

9.2 Applications

9.2.1 Explicit time independence and conservation of energy
Consider a Lagrangian that does not depend explicitly on time, L “ Lpq, 9qq, BL

Bt
“ 0. It follows that

dL

dt
“

BL

Bqα
9qα

`
BL

B 9qα
:qα

“
δL

δqα
9qα

`
d

dt
p

BL

B 9qα
9qα

q, (9.10)

In other words,
E “ pα 9qα

´ L, (9.11)

is the conserved quantity associated to the infinitesimal symmetry

δQq
α

“ 9qα. (9.12)

In particular, if

L “
1
2gαβpqq 9qα 9qβ

` Aαpqq 9qα
´ V pqq, (9.13)

the associated conserved quantity

E “ gαβ 9qα 9qβ
`���Aα 9qα

´
1
2gαβ 9qα 9qβ

´���Aα 9qα
` V “

1
2gαβ 9qα 9qβ

` V. (9.14)

corresponds to the mechanical energy.

9.2.2 Cyclic variables and conservation of canonical momentum
Suppose that a given variable qα is “cyclic” which means that L does not depend on qα but may depend
on the associated velocity 9qα. To fix ideas, suppose that the last of n variables, qn is cyclic, BL

Bqn “ 0. It
follows that δQq

α “ δα
n is an infinitesimal symmetry,

δQL “ δα
n

BL

Bqα
`
dpδα

nq

dt

BL

B 9qα
“

BL

Bqn
`
dp1q

dt

BL

B 9qn
“ 0. (9.15)

Since F “ 0, the associated conserved quantity turns out to be the canonical momentum associated to qn,

BL

B 9qα
pδα

nq “
BL

B 9qn
“ pn. (9.16)
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9.2.3 One-parameter groups of transformations
Suppose that the Lagrangian is invariant under a set of invertible transformations q1α “ q1αpqβ, t; sq that
depend continously on a parameters s, and reduce to the identity at s “ 0, q1αpqβ, t; 0q “ qα. By invariance
we mean that the transformed Lagragian in terms of the new variables is equal to the old Lagrangian in
terms of the same variables,

L1
pq1, 9q1, tq “ Lpqpq1, t; sq, d

dt
qpq1, t; sq, tq “ Lpq1, 9q1, tq, (9.17)

where the first equality merely expresses how the new Lagrangian in terms of the new coordinates is
obtained in terms of the old one, while the second equality expresses the invariance of the Lagrangian.
When using the inverse transformation, the latter is equivalent to

Lpq, 9q, tq “ Lpq1
pq, t; sq, d

dt
q1

pq, t; sq, tq. (9.18)

In this case, the transformation

δRq
α

“ Rα
pq, tq :“ Bq1α

Bs
|s“0 , (9.19)

defines an infinitesimal symmetry.
Indeed, q1α “ qα ` sRαpq, tq ` Ops2q, while dq1α

dt
“ 9qα ` sdRα

dt
` Ops2q. If δR 9qα “ B

Bs
dq1α

dt
|s“0, it

follows that δR 9qα “ dRα

dt
, as it should for an infinitesimal virtual variation. In these terms, the invariance

condition (9.18) becomes

Lpq, 9q, tq “ Lpq ` sR ` Ops2
q, 9q ` s

dR

dt
` Ops2

q, tq, @s. (9.20)

In particular, for s “ 0, this is an identity, while the terms linear in s on the RHS have to vanish. The latter
can be obtained by taking B

Bs
at s “ 0, and yield

Rα BL

Bqα
`
dRα

dt

BL

B 9qα
“ 0, (9.21)

which can also be written as δRL “ 0. According to Noether’s theorem, the associated conserved quantity
is given by

K “ pαδRq
α . (9.22)

Note that a cyclic variabe can be interpreted as a particular case. Indeed, the transformation that leaves
the Lagrangian invariant is given by q1α “ qα ` sδα

1 .
Another particular case is a system of particles in three-dimensional Euclidean space, with a La-

grangian of the type

L “ T ´ V, T “
1
2

N
ÿ

i“1
mpiq 9xα

piq 9xαpiq, V “ V prijq. (9.23)

In this expression, the summation in the kinetic term over the different particles has been written out
explicitly, while the summation over the 3 components of the position of a single particle is implicit
through the summation convention. Note also that we have defined xαpiq “ δαβx

β
piq, and that the potential

V prijq with i ă j is assumed to depend only on the relative distances between the different particles,

rij “

b

pxα
piq ´ xα

pjq
qpxαpiq ´ xαpjqq. (9.24)
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If one now considers translations in Euclidean space,

x1α
i “ xα

i ` aα , (9.25)

for constant aα (which correspond to three different parameters s), invariance of the Lagrangrian in the
form (9.18) is manifest since dx1α

i

dt
“

dxα
i

dt
and r1

ij “ rij . The associated infinitesimal transformations are

Rα
γi “

Bx1α
i

Baγ
|a“0 “ δα

γ , (9.26)

with associated conserved quantities given by the components of total linear momenta,

Pγ “
ÿ

i

BL

B 9xγ
piq

“
ÿ

i

mpiq 9xγpiq . (9.27)

For rotations, we have

x1α
i “ Aα

βx
β
i , Aα

βδαγA
γ

δ “ δβδ ðñ ATA “ 1, (9.28)

with A a constant 3 ˆ 3 orthogonal matrix. Again, the invariance of the Lagrangian is manifest since

orthogonality implies that
dx1α

piq

dt
δαγ

dx1γ
piq

dt
“

dxα
piq

dt
δαγ

dxγ
piq

dt
while distances are also left invariant. In order to

find the parameters, we note that ifAα
β “ δα

β `ωα
β `Opω2q, with ωα

β a “small” matrix, the orthogonality
condition

pδα
β ` ωα

β ` Opω2
qqδαγpδγ

δ ` ωγ
δ ` Opω2

qq “ δβδ, (9.29)

implies to first order in ω that
ωδβ ` ωβδ “ 0 ðñ ω ` ωT

“ 0. (9.30)

This implies that ω can be written in terms of three independent rotation parameters θγ as

ωα
β “ θγϵα

γβ ðñ ω “

¨

˝

0 ´θ3 θ2

θ3 0 ´θ1

´θ2 θ1 0

˛

‚, (9.31)

and that the associated infinitesimal transformations are

Rα
γi “

Bx1α
i

Bθγ
|θ“0 “ ϵα

γβx
β
i , (9.32)

with associated conserved quantities given by the components of the total angular momentum,

Jγ “ ϵγαβ

ÿ

i

xα
piqmpiq 9xβ

piq . (9.33)

We will show below that a rotation matrix that is connected to the identity1 can be written as a rotation of
an angle 0 ď θ ă 2π around a fixed axis. The rotation may be determined a vector

θ⃗ “ θn⃗ “ θαe⃗α, (9.34)

with e⃗1 “ 1⃗x, e⃗2 “ 1⃗y, e⃗3 “ 1⃗z, of norm

θ “
a

pθ1q2 ` pθ2q2 ` pθ3q3, (9.35)

Aα
β “ cos θδα

β ` p
1 ´ cos θ

θ2 qθαθβ ´
sin θ
θ
ϵα

βγθ
γ. (9.36)

As before, one then finds that
BAα

β

Bθγ
|θ“0 “ ϵα

γβ. (9.37)
1This means that one can assume that, if the different parameters are set to zero, the matrix that determines the rotation can

be taken to be the unit matrix.
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9.2.4 Parametrization of a rotation
Consider a rotation matrix A in 3 dimensions with entries Aα

β , α, β “ 1, 2, 3,

ATA “ 1 ðñ AαβA
α

γ “ δβγ, (9.38)

where the Kronecker symbols δαβ, δ
αβ are used to lower and raise indices. By taking the determinant, it

follows that detA “ ˘1. In the following, we will concentrate on rotation matrices with unit determmi-
nant,

detA “ 1. (9.39)

Invariant line

For such a matrix, the rotation, i.e., the transformation

x1α
“ Aα

βx
β, (9.40)

leaves a line invariant.
Indeed, such a line is defined by a non trivial solution to the equation

xα
“ Aα

βx
β

ðñ pA ´ 1qx⃗ “ 0. (9.41)

The existence of a non-trivial solution x⃗ ‰ 0⃗ requires that

detpA ´ 1q “ 0. (9.42)

Let us suppose that detpA ´ 1q “ k. From the defining equation of a rotation matrix, we have

AT
pA ´ 1q “ 1 ´ AT

“ p1 ´ Aq
T

“ ´pA ´ 1q
T . (9.43)

By taking the determinant of this equation, it follows that

1k “ p´1q
3k ùñ k “ ´k ùñ k “ 0. (9.44)

Let us denote by θ⃗ a non trivial solution to Aθ⃗ “ θ⃗. In other words, the line which is left invariant by
the rotation is λθ⃗, λ P R. Furthermore θ⃗ “ θn⃗, θ “

a

pθ1q2 ` pθ2q2 ` pθ3q2 is the norm of θ⃗, while
n⃗ “ 1

θ
θαe⃗α, with components θ̂α “ θα

θ
is the unit vector along the axis of rotation, while e⃗α are the unit

vectors along the coordinate axis of R3.

Geometry of a rotation in 3 dimensions

If ÝÝÑ
OP “ xαe⃗α “ x⃗ denotes the vector relating the origin O with coordinates xα “ 0 to an arbitrary point

P with coordinates xα, the image of this vector under the rotation (9.40) is the vector
ÝÝÑ
OP 1

“ x1αe⃗α “ x⃗1,
where the coordinates of P 1 are x1α. Furthermore, by suitably choosing the orientation of n⃗, one may
arrange that pn⃗,

ÝÝÑ
OP,

ÝÝÑ
OP 1

q is oriented positively.

Figure 9.1: Geometry of a rotation
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A rotation preserves the scalar products and thus the norms of vectors,

u⃗1
¨ v⃗1

“ u1
αv

1α
“ Aαβu

βAα
γv

γ
“ uβδβγv

γ
“ uβv

β. (9.45)

Let us define the point Q to be the orthogonal projection of P on the line defined by n⃗, ÝÝÑ
OQ “

p
ÝÝÑ
OP ¨ n⃗qn⃗, and show that Q,P, P 1 lie in the plane perpendicular to n⃗. Writing ÝÝÑ

OP “
ÝÝÑ
OQ `

ÝÝÑ
QP , it

follows that
ÝÝÑ
QP ¨ n⃗ “ p

ÝÝÑ
OP ´

ÝÝÑ
OQq ¨ n⃗ “

ÝÝÑ
OP ¨ n⃗ ´ p

ÝÝÑ
OP ¨ n⃗qn⃗ ¨ n⃗ “ 0 (9.46)

Furthermore,
ÝÝÑ
QP 1

¨ n⃗ “
ÝÝÑ
OP 1

¨ n⃗ ´
ÝÝÑ
OQ ¨ n⃗ “ Ap

ÝÝÑ
OP q ¨ Apn⃗q ´

ÝÝÑ
OQ ¨ n⃗ “

ÝÝÑ
OP ¨ n⃗ ´

ÝÝÑ
OQ ¨ n⃗ “ 0. (9.47)

Furthermore
||

ÝÝÑ
QP || “ ||

ÝÝÑ
QP 1

||. (9.48)

Indeed, starting from ||
ÝÝÑ
OP ||2 “ ||

ÝÝÑ
OP 1

||2, by using that

||⃗a ` b⃗||2 “ a2
` b2

` 2ab cosϕ, (9.49)

with a, b the norms of a⃗, b⃗ and ϕ the angle between them, one develops the left hand side as

||
ÝÝÑ
OP ||

2
“ ||

ÝÝÑ
OQ `

ÝÝÑ
QP ||

2
“ ||

ÝÝÑ
OQ||

2
` ||

ÝÝÑ
QP ||

2
`������2ÝÝÑ

OQ ¨
ÝÝÑ
QP. (9.50)

The last term vanishes since both vectors are orthogonal. The result follows by applying the same reason-
ing to the right hand side, that is to say decomposing

ÝÝÑ
OP 1

“
ÝÝÑ
OQ `

ÝÝÑ
QP 1, and after having computed the

norm, cancelling the common term ||
ÝÝÑ
OQ||2 on both sides of the equation.

The triangle QPP 1 thus has two sides of equal length, QP and QP 1 so that, if M is the point in the
middle of PP 1, QM bisects the angle at Q and ÝÝÑ

QM is orthogonal to
ÝÝÑ
PP 1. In the plane orthogonal to the

axis of rotation, the angle at Q, which will be called θ, is the angle of rotation that brings you from P to
P 1.

By using that
a⃗ ˆ b⃗ “ ab sinϕ n⃗, (9.51)

where n⃗ is the normal to the plane formed by a⃗, b⃗, it follows that
ÝÝÑ
QM ˆ

ÝÝÑ
PP 1

“ QM PP 1 n⃗, (9.52)

since the angle bewteen the two vectors is π
2 radians. Furthermore,

QM “ QP 1 cos θ2 ,
PP 1

2 “ MP 1
“ QP 1 sin θ2 . (9.53)

Taking the quotient of these two equations yields

2 tan θ2 “
PP 1

QM
. (9.54)

Since pn⃗,
ÝÝÑ
OP,

ÝÝÑ
OP 1

q is positively oriented, it follows for the unit vectors that n⃗ˆ
ÝÝÑ1QM “

ÝÝÑ1P P 1 . Multi-
plying by the previous equation yields

2 tan θ2 n⃗ ˆ
ÝÝÑ1QM “

PP 1

QM
ÝÝÑ1P P 1 . (9.55)

Defining
ÝÑΩ “ tan θ2 n⃗, Ω “ tan θ2 , (9.56)

one may rewrite the former equation as

2ÝÑΩ ˆ
ÝÝÑ
QM “

ÝÝÑ
PP 1. (9.57)
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Analytic expression of the rotation matrix

We want an expression of
ÝÝÑ
OP 1 in terms of ÝÝÑ

OP .
By using that ÝÝÑ

QM “ 1
2p

ÝÝÑ
QP `

ÝÝÑ
QP 1

q, it follows from the previous equation that

ÝÝÑ
PP 1

“
ÝÑΩ ˆ p

ÝÝÑ
QP `

ÝÝÑ
QP 1

q “
ÝÑΩ ˆ p

ÝÝÑ
OP `

ÝÝÑ
OP 1

´���2ÝÝÑ
OQq, (9.58)

where the last term does not contibute since it is parallel to
ÝÑΩ . When using that

a⃗ ˆ p⃗b ˆ c⃗q “ p⃗a ¨ c⃗q⃗b ´ p⃗a ¨ b⃗qc⃗, (9.59)

it follows by applying Ω⃗ˆ to (9.58) that

ÝÑΩ ˆ
ÝÝÑ
PP 1

“ p
ÝÑΩ ¨ p

ÝÝÑ
OP `

ÝÝÑ
OP 1

qq
ÝÑΩ ´ p

ÝÑΩ ¨
ÝÑΩ qp

ÝÝÑ
OP `

ÝÝÑ
OP 1

q. (9.60)

When using on the left hand side that

ÝÝÑ
PP 1

“
ÝÝÑ
QP 1

´
ÝÝÑ
QP “

ÝÝÑ
OP 1

´
ÝÝÑ
OP, (9.61)

and on the right hand side that
ÝÑΩ ¨

ÝÝÑ
OP “

ÝÑΩ ¨
ÝÝÑ
OQ “

ÝÑΩ ¨
ÝÝÑ
OP 1 (9.62)

equation (9.60) becomes

ÝÑΩ ˆ
ÝÝÑ
OP 1

´
ÝÑΩ ˆ

ÝÝÑ
OP “ 2p

ÝÑΩ ¨
ÝÝÑ
OP q

ÝÑΩ ´ Ω2
p
ÝÝÑ
OP `

ÝÝÑ
OP 1

q. (9.63)

Using (9.61) in the left hand side of (9.58) and (9.63) in the right hand side yields

ÝÝÑ
OP 1

´
ÝÝÑ
OP “ 2ÝÑΩ ˆ

ÝÝÑ
OP ` 2p

ÝÑΩ ¨
ÝÝÑ
OP q

ÝÑΩ ´ Ω2
p
ÝÝÑ
OP `

ÝÝÑ
OP 1

q, (9.64)

or equivalently
ÝÝÑ
OP 1

“
1

1 ` Ω2

”

p1 ´ Ω2
q
ÝÝÑ
OP ` 2ÝÑΩ ˆ

ÝÝÑ
OP ` 2p

ÝÑΩ ¨
ÝÝÑ
OP q

ÝÑΩ
ı

. (9.65)

The trigonometric relations

1 ´ Ω2

1 ` Ω2 “
1 ´ tan2 θ

2
1 ` tan2 θ

2
“

cos2 θ
2 ´sin2 θ

2
cos2 θ

2
cos2 θ

2 `sin2 θ
2

cos2 θ
2

“ cos2 θ

2 ´ sin2 θ

2 “ cos θ, (9.66)

2Ω
1 ` Ω2 “ 2 cos2 θ

2 tan θ2 “ 2 sin θ2 cos θ2 “ sin θ, (9.67)

2Ω2

1 ` Ω2 “
2 tan2 θ

2
1 ` tan2 θ

2
“ 2 sin2 θ

2 “ 1 ´ cos θ, (9.68)

then allow one to rewrite

x⃗1
“ Ax⃗ “ cos θx⃗` sin θn⃗ˆ x⃗` p1 ´ cos θqpn⃗ ¨ x⃗qn⃗ “ cos θx⃗`

sin θ
θ
θ⃗ˆ x⃗`

1 ´ cos θ
θ2 pθ⃗ ¨ x⃗qθ⃗. (9.69)

When expressed in components, this gives

x1α
“ Aα

βx
β

“ cos θxα
`

sin θ
θ
ϵα

βγθ
βxγ

` p
1 ´ cos θ

θ2 qθαθβx
β. (9.70)
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When identifying the coefficient of xβ on the right hand side, this gives the rotation matrix,

Aα
β “ cos θδα

β ` p
1 ´ cos θ

θ2 qθαθβ ´
sin θ
θ
ϵα

βγθ
γ, (9.71)

or, equivalently, in terms of

n⃗ “ θ̂αeα, θ̂α
“
θα

θ
, (9.72)

as
Aα

β “ cos θpδα
β ´ θ̂αθ̂βq ` θ̂αθ̂β ` sin θθ̂γϵα

γβ . (9.73)

Worked exercise: Rotation around the 1⃗z axis

In order to find the analytic expression for a rotation matrix around the z axis by an angle θ in the px, yq

plane from the expression (9.70), we note that θ1 “ θ2 “ 0, while θ3 “ θ. It follows that ´ sin θ
θ
ϵα

βγθ
γ “

´ sin θ

�θ
ϵα

β3��θ, so that

A1⃗z
“

¨

˝

cos θ 0 0
0 cos θ 0
0 0 cos θ

˛

‚`

¨

˝

0 0 0
0 0 0
0 0 ��θ2p1´cos θq

��θ2

˛

‚`

¨

˝

0 ´ sin θ 0
sin θ 0 0

0 0 0

˛

‚

“

¨

˝

cos θ ´ sin θ 0
sin θ cos θ 0

0 0 1

˛

‚,

(9.74)

which is the expected result from the viewpoint of a rotation matrix in the px, yq plane.

9.2.5 One-parameter groups of transformations involving time
Consider now a one-parameters group of invertible transformations that affects time as well,

"

q1α “ q1αpqβ, t; sq,
t1 “ t1pt; sq ùñ q1α

pt1q “ q1α
pqβ

ptpt1; sqq, tpt1; sq; sq, (9.75)

with q1α “ q1αpqβ, t; 0q “ qα, t1pt; 0q “ t. According to the equation (7.26) of the previous section, the
transformed Lagrangian is

L1
pq1

pt1q,
dq1pt1q

dt1
, t1q “

dt

dt1
L

`

qpq1
pt1q, t1q,

dt1

dt

d

dt1
qpq1

pt1q, t1q, tpt1q
˘

, (9.76)

where we have temporarily suppressed the s dependence. Let us assume that the transformed Lagrangian
is equal to the starting point Lagrangian (in terms of the new variables), up to a total derivative,

L1
pq1

pt1q,
dq1pt1q

dt1
, t1q “ Lpq1

pt1q,
d

dt1
q1

pt1q, t1q ´
d

dt1
G1

pq1
pt1q, t1q, (9.77)

withG1|s“0 “ 0. When using the inverse transformation and multiplying by dt1

dt
, the generalized invariance

condition (9.77), where the left hand side has been expressed in terms of L by using (9.76), can also be
written as

Lpqptq,
d

dt
qptq, tq “

dt1

dt
L

`

q1
pq, tq,

dt

dt1
d

dt
q1

pqptq, tq, t1ptq
˘

´
d

dt
Gpqptq, tq, (9.78)

with Gpqptq, tq “ G1pq1pqptq, tq, t1ptqq.
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In terms of the action, this generalized invariance condition means that as a functional of the new
trajectories and the transformed end-points, the

Srq1
s “

ż t1“t1ptf q

t1“t1ptiq

dtL
`

q1
ptq,

d

dt
q1

ptq, tq, (9.79)

equals the action as a functional of the old trajectories, up to a boundary term. Indeed, by first changing the
name of the dummy integration variable, and then doing the change of variables from primed to unprimed
ones, we get

Srq1
s “

ż t1“t1ptf q

t1“t1ptiq

dt1Lpq1
pt1q,

d

dt1
q1

pt1q, t1q “

ż t“tf

t“ti

dt
dt1

dt
L

`

q1
pqptq, tq,

dt

dt1
d

dt
q1

pqptq, tq, t1ptq
˘

. (9.80)

When using the generalized invariance condition (9.78), this gives

Srq1
s “

ż tf

ti

dtLpqptq,
d

dt
qptq, tq `

”

Gpqptq, tq
ıtf

ti

. (9.81)

Note that the boundary term does not contribute when computing the variation of trajectories with fixed
end-points.

Expanding the transformed trajectories to first order in s gives
"

q1αpt1q “ qαptq ` sRαpqβ, tq ` Ops2q,
t1 “ t ` sξptq ` Ops2q,

, G “ sG1pq, tq ` Ops2
q, (9.82)

the associated equal-time infinitesimal virtual variation is

δSq
α
ptq “ lim

sÑ0

1
s

`

q1α
ptq ´ qα

ptq
˘

“ lim
sÑ0

1
s

`

q1α
pt1 ´ sξptq ` Ops2

qq ´ qα
ptq

˘

“ lim
sÑ0

1
s

`

���qα
ptq ` sRα

pqβ
ptq, tq ´ s

dq1α

dt1
pt1qξptq ` Ops2

q ´���qα
ptq

˘

“ Rα
´ 9qαξ . (9.83)

Such a variation leaves the Lagrangian invariant up to a total derivative. Indeed, the generalized invaraince
condition (9.78) can be written as

Lpq, 9q, tq “ p1 ` s 9ξq
`

Lpq ` sR, p1 ´ s 9ξq
d

dt
pq ` sRq, t ` sξ

˘

´ s
d

dt
G1 ` Ops2

q. (9.84)

To order 0 in s, this is an identity, while the terms of order 1 yield

9ξLpq, 9q, tq `
BL

Bqα
Rα

`
BL

B 9qα
p
d

dt
Rα

´ 9ξ 9qα
q `

��
����

BL

Bt
pq, 9q, tqξ ´

d

dt
G1 “ 0. (9.85)

The first term can be integrated by parts

9ξL “
d

dt
pξLq ´ ξp

BL

Bqα
9qα

`
BL

B 9qα
:qα

`
�
�
�BL

Bt
q, (9.86)

and, when cancelling (as indicated) and combining like terms, we get

BL

Bqα
pRα

´ 9qαξq `
BL

B 9qα

d

dt
pRα

´ 9qαξq “
d

dt
pG1 ´ ξLq ðñ δSL “

d

dt
pG1 ´ ξLq. (9.87)

The associated conserved quantity is

K “ pαδSq
α

` ξL ´ G1 . (9.88)
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9.2.6 Time-translation symmetry and conservation of energy
In particular, a Lagrangian does not depend explicit on time, BL

Bt
“ 0 iff it possesses the symmetry q1α “

qα, t1 “ t ´ s. In this case G “ 0, ξ “ ´1, Rα “ 0, δSq
α “ 9qα. The associated conserved quantity is

E “ pα 9qα
´ L, (9.89)

discussed previously, which now appears from the viewpoint of the symmetry of the system under constant
time translations.

9.2.7 Galilean boosts
Galilean transformations on a system of particles are described by

x1α
i “ Aα

βx
β
i ` vαt ` aα, t1 “ t ` b, ATA “ 1. (9.90)

They consists of a combination of spatial translations, rotations, time-translations, described by the con-
stant parameter b, and changes of observers with a constant velocity in a given direction, sometimes called
“Galilean boosts” and described by the 3 parameters vα.

Sometimes it is useful to provide the following 5ˆ5 matrix form of these transformations (suppressing
the particle label)

¨

˝

x1α

t1

1

˛

‚“

¨

˝

Aα
β vα aα

000 1 b
000 0 1

˛

‚

¨

˝

xβ

t
1

˛

‚. (9.91)

We have already analyzed invariance of the particle Lagrangian (9.23) under spatial translations (pa-
rameters aα) and rotations (parameters ωα of the rotation matrix A) and the associated conserved quan-
tities Pα, Jα. For the time-translation, explicit time-indepence implies that the associated conserved con-
served quanity is the energy, E “

ř

i
BL

B 9xα
piq

9xα
piq ´ L. So only the Galilean boosts,

x1α
i “ xα

i ` vαt, t1 “ t, (9.92)

remain to be analyzed explicitely.

More generally, for the whole set of Galilean transformations, we have dt1

dt
“ 1, dx1α

i pdt1q

t1 “ Aα
β

dxβ
i ptq

dt
`

vα. For the kinetic energy of the particle Lagrangian (9.23), this gives

T p
dx1α

i pt1q

dt1
q “

1
2

ÿ

i

mpiqpA
α

β

dxβ
piq

dt
` vα

qpAαγ

dxγ
piq

dt
` vαq

“
1
2

ÿ

i

mpiq

dxα
piq

dt

dxαpiq

dt
`

ÿ

i

mpiqvαA
α

β

dxβ
piq

dt
`

1
2

ÿ

i

mpiqv
αvα

“ T p
dxα

i

dt
q `

d

dt
p
ÿ

i

mpiqvαpAα
βx

β
piq `

1
2tv

α
q. (9.93)

Since relative distances are invariant even if one translates the individual coordinates linearly in time (by
the same amount), the potential is also invariant. It follows that

G “
ÿ

i

mpiqvαpAα
βx

β
piq `

1
2tv

α
q, (9.94)

and, for Galilean boosts parametrized by vγ ,Rα
γi “ δα

γ t, ξ “ 0, BG
Bvγ |a,b,θ,v“0 “

ř

i mpiqxγpiq. The associated
conserved quantities are thus

Kγ “
ÿ

i

mpiqp 9xγpiqt ´ xγpiqq. (9.95)
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9.3 Hamiltonian version of Noether’s theorem
As a consequence of (6.26), in the Hamiltonian formalism, a first integral is a (possibly time dependent)
phase space function KpzA, tq that satisfies

tK,Hu `
BK

Bt
“ 0 . (9.96)

It follows directly from the properties of the Poisson bracket and the partial derivative that first integrals
form a vector space. Furthermore,

Theorem 11. The Poisson bracket tK1, K2u of two first integrals K1, K2 is a first integral.

Indeed,

ttK1, K2u, Hu `
B

Bt
tK1, K2u

“ ttK1, Hu, K2u ` tK1, tK2, Huu `
B

Bt

BK1

BzA
ωAB BK2

BzB
`

BK1

BzA
ωAB B

Bt

BK2

BzB

“ ttK1, Hu `
BK1

Bt
,K2u ` tK1, tK2, Hu `

BK2

Bt
u “ 0,

(9.97)

where we have used the Jacobi identity.
By definition, a Lie algebra is a vector space equipped with a bi-linear, skew-symmetric operation that

satisfies the Jacobi identity. As a consequence, in the Hamiltonian formalism, first integrals equipped with
the Poisson bracket form a Lie algebra.

In the Hamiltonian formalism, infinitesimal symmetries are variations

δZz
A

“ ZA
pz, tq ðñ

"

δZq
α “ Qαpq, p, tq,

δZpα “ Pαpq, p, tq,
(9.98)

that leave the first order Hamiltonian Lagrangian LH “ 9qαpα ´ Hpz, tq invariant up to a total time
derivative,

δZLH “
d

dt
F pz, tq. (9.99)

Theorem 12. There is a 1-1 correspondence between symmetries and first integrals, up to constants.
Furthermore, the first integral is the canonical generator of the symmetry in the sense that

ZA
“ tzA, Ku “ ´vA

K . (9.100)

Writing out explicitly (9.99), we get

Pα 9qα
` pα

d

dt
Qα

´ Qα BH

Bqα
´ Pα

BH

Bpα

“
d

dt
F

ðñ Pα 9qα
´ Qα 9pα ´ Qα BH

Bqα
´ Pα

BH

Bpα

“
d

dt
pF ´ Qαpαq.

(9.101)

Defining
K “ Qαpα ´ F , (9.102)

this equation may be re-written as

Pα 9qα
´ Qα 9pα ´ Qα BH

Bqα
´ Pα

BH

Bpα

` 9qα BK

Bqα
` 9pα

BK

Bpα

`
BK

Bt
“ 0. (9.103)
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Because this is an identity that has to hold for all qα, pα, 9qα, 9pα, t, one may identify the coefficients of
9qα, 9pα to find

Pα “ ´
BK

Bqα
“ tpα, Ku, Qα

“
BK

Bpα

“ tqα, Ku ðñ ZA
“ tzA, Ku “ ´vA

K . (9.104)

Inserting these expressions back into (9.103) yields

´
BK

Bpα

BH

Bqα
`

BK

Bqα

BH

Bpα

`
BK

Bt
“ 0 ðñ tK,Hu `

BK

Bt
“ 0, (9.105)

which shows that K is a first integral. Note that, for a given symmetry, F , and thus also K, are defined
only up to a constant by this procedure.

Conversely, for a given first integral K, one may follow the proof in the reverse direction to show that
ZA “ tzA, Ku defines a symmetry. Finally, if two first integrals define the same symmetry, tzA, K1u “

ZA “ tzA, K2u, it follows that tzA, K1 ´ K2u “ 0, or ωAB BpK1´K2q

BzB “ 0, and thus that BpK1´K2q

BzB “ 0. As
a consequence, K1 ´ K2 “ cptq. But since K1 ´ K2 is a first integral, tK1 ´ K2, Hu `

BpK1´K2q

Bt
“ 0, it

follows that c is a constant.

Theorem 13. Infinitesimal symmetries equipped with the commutator of symmetries constitute a Lie al-
gebra isomorphic to the Lie algebra of first integrals equipped with the Poisson bracket, up to constants.

Proof : ....

9.4 More applications

9.4.1 Hamiltonian formulation of the Galilean algebra

9.4.2 Worked Exercise 4: Geodesic motion and Killing vectors
Consider the generalized coordinates qα and the Lagrangian

L “
1
2gαβ 9qα 9qβ, (9.106)

where the “metric” gαβ “ gαβpqq is a given function of the coordinates.
Defining the Christoffel symbols of the second kind by

Γδ
βγ “ gδαΓαβγ, (9.107)

where gδα denotes the inverse metric, gδαgαβ “ δδ
β , show that the equations of motion are equivalent to

the geodesic equation
:qδ

` Γδ
βγ 9qβ 9qγ

“ 0. (9.108)

Solution: This follows directly by multiplying the two non-vanshing first terms in (4.35) by the inverse
metric.

Let us introduce the notation Bα “ B

Bqα . Suppose that there is a ξαpqq that satisfies the “Killing
equation”

ξγ
Bγgαβ ` Bαξ

γgγβ ` Bβξ
γgαγ “ 0. (9.109)

Show that the transformation δ1
ξq

α “ ξαpqq defines a symmetry with associated Noether charge

K1
ξ “ gαβ 9qαξβ. (9.110)

Solution: The variation of the Lagrangian vanishes on account of (9.109),

δ1
ξL “

1
2Bγgαβξ

γ
` 9qα 9qβ

` gαγ 9qα
Bβξ

γ 9qβ
“ 0. (9.111)

The result then follows from the formula for the Noether charge.
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9.4.3 Worked Exercise 5: Geodesic motion and Killing tensors
This exercise requires an understanding of the covariant derivative Dµ defined in terms of the Levi-Civita
connection Γδ

βγ . It is metric compatible Dαgβγ “ 0. The Killing equation (9.109) can then be shown to
be equivalent to

Dpα0ξα1q “ 0, (9.112)

where indices are lowered and raised with the metric gµν and its inverse, and a round parenthesis denotes
complete symmetrization of the enclosed indices,

Mpα1...αkq “
1
k!

ÿ

σPSk

Mασp1q...ασpkq
. (9.113)

A Killing tensor is a symmetric tensor ξα1...αk
“ ξpα1...αkq that satisfies

Dpα0ξα1...αkq “ 0. (9.114)

In particular, a Killing vector corresponds to the particular case where k “ 1.
Show that

Kk
ξ “

1
k!ξα1...αk

9qα1 . . . 9qαk (9.115)

is a conserved quantity and that the associated symmetry is

δk
ξ q

α
“

1
pk ´ 1q!ξ

α
α2...αk

9qα2 . . . 9qαk . (9.116)

Solution:

d

dt
Kk

ξ “
1
k!Bα0ξα1...αk

9qα0 9qα1 . . . 9qαk `
1

pk ´ 1q!ξα1...αk
:qα1 9qα2 . . . 9qαk

“
1
k!Bα0ξα1...αk

9qα0 9qα1 . . . 9qαk `
1

pk ´ 1q!ξα1...αk
p´gα1β δL

δqβ
q 9qα2 . . . 9qαk

´
1

pk ´ 1q!ξβα2...αk
Γβ

α0α1 9qα0 9qα1 . . . 9qαk . (9.117)

The first and the third term vanish on account of (9.115). Since the second term is proportional to the field
equations, Kk

ξ is a conserved quantity, and one may read off the characteristic of the symmetry (9.116).

9.4.4 Worked Exercise 6: Laplace-Runge-Lenz vector

9.4.5 Worked Exercise 7: Harmonic oscillator conserved quantities
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Chapter 10

Reduced and alternative variational principles

10.1 Routhian procedure for cyclic variables
In a system with n Lagrange coordinates qα, suppose that qn is a cyclic (ignorable, kinosthenic) variable,
and let us denote by qᾱ the first n ´ 1 Lagrange coordinates. Noether’s implies that pn “ BL

B 9qn “ cn is a
constant of the motion. Suppose that this relation allows to express 9qn as a function of the other variables

9qn
“ Un

pqᾱ, 9qᾱ, cn, tq. (10.1)

Note that this implies that
BL

B 9qn

ˇ

ˇ

9qn“Un “ cn. (10.2)

It follows that the Lagrangian equations of motion, i.e., a system of n differential equations of second
order can be reduced to a system of n ´ 1 differential equations of second order.

The Routhian procedure provides a reduced Lagrangian L̄pqᾱ, 9qᾱ, tq such that the reduced system are
the Euler-Lagrange equations of the reduced Lagrangian. For the starting point variational principle, we
have

δ

ż tf

ti

dt L “

ż tf

ti

dt
δL

δqα
δqα

`
“ BL

B 9qα
δqα

‰

tf

ti

(10.3)

On a natural trajectory, this reduces to

δ

ż tf

ti

dt L «
“

pᾱδq
ᾱ
‰tf

ti
` cn

“

δqn
‰tf

ti
, (10.4)

Since the last term can be written as δ
ştf

ti
cn 9q1, this suggest that the appropriate reduced action principle,

that gives rise to the reduced system of equations for arbitrary variations δqᾱ that vanish at the end points
is

L̄pqᾱ, 9qᾱ, tq “ pL ´ pn 9qn
q| 9qn“Un “ L| 9qn“Un ´ cnU

n . (10.5)

It is applicable for trajectories that have the same constant pn than the natural trajectory. Indeed, the
reduced system of equations is

“ d

dt

BL

B 9qᾱ

‰
ˇ

ˇ

9qn“Un,:qn“ d
dt

Un “
BL

B 9qᾱ

ˇ

ˇ

9qn“Un ,
BL

B 9qn
“ cn, (10.6)

while the Euler-Lagrange equations for the reduced Lagrangian are

´
δL̄

δqᾱ
“

d

dt

“ BL

B 9qᾱ

ˇ

ˇ

9qn“Un `
��������BL

B 9qn

ˇ

ˇ

9qn“Un

BUn

B 9qᾱ
´
�
�

��cn
BUn

B 9qᾱ

‰

´
BL

Bqᾱ

ˇ

ˇ

9qn“Un ´
��������BL

B 9qn

ˇ

ˇ

9qn“Un

BUn

Bqᾱ
`
�

�
��cn

BUn

Bqᾱ
“ 0, (10.7)
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which indeed agree when using equation (10.2).
Finally, note that one may also arrive to the reduced action principle by using a Lagrange multiplier,

Lλ
pqᾱ, 9qᾱ, 9qn, t, λq “ L ´ pn 9qn

´ λppn ´ cnq. (10.8)

10.2 Parametrized systems
The solution of the Euler-Lagrange equations of motion may be given in parametrized form. Rather
than using qα “ qαptq, one introduces a parameter τ and describes the solution in parametrized form
through t “ tpτq, qα “ qαpτq. If t1 “ dt

dτ
‰ 0, q1α “

dqα

dτ
, the appropriate variation principle involves as

independent variable τ and contains n ` 1 Lagrange coordinates qα, t. It is given by

S “

ż τf

τi

dτ LP , LP
pqα, t, q1α, t1q “ t1Lpqα, 9qα, tq|

9qα“
q1α

t1

. (10.9)

Indeed,

´
δLP

δqα
“

d

dτ
r��t1

BL

B 9qα
9qα“

q1α

t1
�
�
�1
t1

s ´ t1
BL

Bqα
|

9qα“
q1α

t1

,

´
δLP

δt
“

d

dτ
pL|

9qα“
q1α

t1

´
BL

B 9qα

ˇ

ˇ

9qα“
q1α

t1

q1α

t1
q ´ t1

BL

Bt

ˇ

ˇ

9qα“
q1α

t1

.

(10.10)

When using that
d2

dt2
qα

“
d

dt
p
q1α

t1
q “

1
t1
d

dτ
p
q1α

t1
q “

q2α

pt1q2 ´
q1αt2

pt1q3 , (10.11)

the first n Euler-Lagrange equations associated to (10.10) become

t1
“ δL

δqα

‰
ˇ

ˇ

9qα“
q1α

t1 ,:qα“
q2α

pt1q2 ´
q1αt2

pt1q3
“ 0, (10.12)

and are thus equivalent to the original Euler-Lagrange equations of motion. This is the same reasoning as
in the previous discussion concerning a change of the independent variable.

When working out the derivative with respect to τ and using the previous discussion, one finds for the
last expression of (10.10),

´
δLP

δt
“ ´q1α

“ δL

δqα

‰
ˇ

ˇ

9qα“
q1α

t1 ,:qα“
q2α

pt1q2 ´
q1αt2

pt1q3
(10.13)

which vanishes as a consequence of the previous n equations.
Note that LP does not define a regular system. Indeed, when denoting the n` 1 Lagrange coordinates

pt, qαq by qA, LP pqA, q1Aq is homogeneous of degree 1 in the generalized velocities q1A,

LP
pqA, µq1A

q “ µLP
pqA, q1A

q, (10.14)

which implies, by differentiation with respect to µ and setting µ “ 0 (Euler’s theorem for homogeneous
functions) that

q1B BLP

Bq1B
“ LP . (10.15)

Another derivation with respect to q1A yields

B2LP

Bq1ABq1B
q1B

`
�
�
��BLP

Bq1B
“

�
�
��BLP

Bq1B
, (10.16)

which means that q1B is an eigenvector with zero eigenvalue of the matrix B2LP

Bq1ABq1B , so that this matrix is
degenerate.

67



10.3 Maupertius’/ Jacobi’s principle
If L does not depend explicitly on time t, t is a cyclic variable of the variational principle defined by LP .
The associated conserved momentum, pt is minus the energy of the original variational principle defined
by L,

pt “
BLP

Bt1
“ pL ´ pα 9qα

q
ˇ

ˇ

9qα“
q1α

t1

“ ´E
ˇ

ˇ

9qα“
q1α

t1

“ ´E, (10.17)

for some constant E. If the original Lagrangian was regular, one may solve this equation for t1 “

T 1pqα, q1αq provided that not all generalized velocities vanish. Indeed,

B2LP

pBt1q2 “ p
�
�
�BL

B 9qα
´

�
�
�BL

B 9qα
´ 9qα B2L

B 9qαB 9qβ
q
ˇ

ˇ

9qα“
q1α

t1

p´
q1β

pt1q2 q “
1
t1

p 9qα B2L

B 9qαB 9qβ
9qβ

q
ˇ

ˇ

9qα“
q1α

t1

. (10.18)

In this case, the variational principle of Maupertius/Jacobi is obtained by applying the Routhian procedure
to LP . It gives rise to the reduced variational principle, applicable for trajectories with the same energy E
than the natural trajectory,

L̄P
“ T 1L|

9qα“
q1α

T 1

` E|
9qα“

q1α

T 1

T 1
“ pα

ˇ

ˇ

9qα“
q1α

T 1

q1α. (10.19)

when taking into account (10.17).
For an explicitly time-independent L of the form (9.13), one finds from (10.17) that

1
2gαβq

1αq1β
pT 1

q
´2

` V “ E ùñ T 1
“ ˘

d

gαβq1αq1β

2pE ´ V q
, (10.20)

where the sign follows that of t1. This implies on the one hand that

t ´ ti “ ˘

ż τ

τi

dτ 1

d

gαβq1αq1β

2pE ´ V q
“ ˘

ż

γ

ds
a

2pE ´ V q
, (10.21)

where γ is a path from some initial configuration qα
i to a final confiuration qα, and on the other that

L̄P
“

1
T 1
gαβq

1αq1β
` Aαq

1α
“ ˘σ

a

|2pE ´ V q|

b

|gαβq1αq1β| ` Aαq
1α, (10.22)

where σ denotes the sign of gαβq
1αq1β and

S̄P
“

ż

“

˘ σ
a

|2pE ´ V q|ds ` Aαdq
α
‰

. (10.23)

The Lagrange multiplier version of Maupertius’/Jacobi’s variational principle is

SP,λ
“

ż

dτ
“

pα|
9qα“

q1α

t1

q1α
` λrE|

9qα“
q1α

t1

´ Es
‰

. (10.24)

Remarks:
(i) In particular, if V “ 0 “ Aα, the variational principle of Maupertius/Jacobi for S “

ş

dt 1
2gαβ 9qα 9qβ

reduces to the reparametrization invariant variational principle associated to S̄P “ ˘σ
a

2|E|
ş

ds.
(ii) In this context, a systematic derivation of the solution to the brachystochrone 5.2.1 starting from

Hamilton’s principle is possible. The appropriate action is

Srx, zs “

ż t0

t˚

dt
“1
2mp 9x2

` 9z2
q ´ mgz

‰

, (10.25)
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with initial and final conditions xpt˚q “ x˚, zpt˚q “ z˚, xpt0q “ 0, zpt0q “ 0. The objective is to
determine the spatial path xpzq such that the time of descent is minimal. In order to use conservation
of energy, the use of Maupertius’/Jacobi’s principle is appropriate. The initial conditions imply that
E “ mgz˚, so that equation (10.21) yields for the time of descent between px˚, z˚q and p0, 0q

t0 ´ t˚ “ ´

ż 0

z˚

dz

d

1 ` px1q2

2gpz˚ ´ zq
, x1

“
dx

dz
, (10.26)

in agreement with equation (5.48).
The remaining equations are the Euler-Lagrange equations associated to

S̄P
“ ´m

ż

dz
a

2gpz˚ ´ zq
a

1 ` px1q2. (10.27)

Since x is a cyclic variable,

px “
a

2gpz˚ ´ zq
x1

a

1 ` px1q2
“ d, (10.28)

for some constant d ě 0. The sign is fixed by requiring that x increases when z increases. Taking the
square yields

px1
q

2
“

d2

2gpz˚ ´ zq ´ d2 “
2R1

z˚ ´ z ´ 2R1
, 2R1

“
d2

2g (10.29)

Through integration, one then finds

x ´ x˚
“

ż z

z˚

dz1

?
2R1

?
z˚ ´ z ´ 2R1

“ ´

ż z´z˚

0
dZ

?
2R1

?
Z ´ 2R1

(10.30)

Setting Z “ R1p1 ´ cos θq “ 2R1 sin2 θ
2 .

solve this to find x “ xpz;x˚, z˚, c1q, and then compute the time of fall on-shell, then extremize it
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Chapter 11

Dynamics in non-inertial frames
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Chapter 12

Relativistic particles

When one considers relativistic particles rather than non-relativistic ones, the action

SP “

ż

dt
N
ÿ

a“1

1
2mpaq 9xi

a 9xai, (12.1)

for N free non-relativistic particles must be replaced by

SP “ ´

N
ÿ

a“1
mpaqc

ż

dτ

c

´
dxµ

a

dτ

dxaµ

dτ
. (12.2)

This action reduces to the non-relativistic one in the limit of small velocities as compared to the speed of
light. Indeed, if we choose τ “ x0 “ ct,

´ mpaqc

ż

dτ

c

´
dxµ

a

dτ

dxaµ

dτ

“ ´mpaqc
2

ż

dt

c

1 ´
1
c2
dx⃗a

dt
¨
dx⃗a

dt
« ´mpaqc

2
ż

dt
`

1 ´
1
2

1
c2
dx⃗a

dt
¨
dx⃗a

dt

˘

.

(12.3)

The first term is a constant which does not contribute to the Euler-Lagrange equations and thus can be
dropped, while the second terms reduces to the action for a collection of non-relativistic particles, (12.1).

Let us now set c “ 1 and study in more details a single relativistic particle, whose worldline is
described by xµpτq in Minkowski spacetime. The associated action is

SP rxµ
s “

ż

dτ LP , LP “ ´m
a

´ 9xν 9xν , (12.4)

with 9xν “ dxν

dτ
. For variations that vanish at the boundary of the τ interval, the variation of the Lagrangian

is
δSP “ ´m

ż

dτ
´δ 9xµ 9xµ
?

´ 9xν 9xν

“ ´m

ż

dτ δxµ d

dτ

´

9xµ
?

´ 9xν 9xν

¯

, (12.5)

and the Euler-Lagrange equations are given by

δLP

δxµ
“ ´m

d

dτ

´

9xµ
?

´ 9xν 9xν

¯

“ 0. (12.6)

It is not possible to pass to the Hamiltonian formulation through a Legendre transformation: the
Hessian matrix

B2LP

B 9xµB 9xλ
(12.7)
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is not invertibe. Indeed,

B2LP

B 9xµB 9xλ
“ ´m

´ 9xν 9xνηµλ ` 9xµ 9xλ

p
?

´ 9xν 9xνq3 ,
B2LP

B 9xµB 9xλ
9xλ

“ 0, (12.8)

so that 9xλ is an eigenvector of eigenvalue 0.
The correct first order action principle whose equation of motion are equivalent to the Lagrangian ones

in (12.7) is given by

Srxµ, pµ, λs “

ż

dτ
“

9xµpµ ´ λppµpµ ` m2
q
‰

. (12.9)

The associated Euler-Lagrange equations with respect to xµ, pµ, λ are

9pµ “ 0, 9xµ
´ 2λpµ

“ 0, pµpµ ` m2
“ 0. (12.10)

It is a “constrained Hamiltonian system” in the sense that λpτq is a Lagrange multiplier for the constraint
pµpµ ` m2 that does not involve time derivatives of the phase space variables xµ, pµ.

The general solution to the equations of motion is

pµpτq “ pµp0q ” pµ, xµ
pτq “ xµ

p0q ` 2pµ
p0q

ż τ

0
dτ 1λpτ 1

q, p0
“ ˘

a

pipi ` m2. (12.11)

where pµ are τ -independent constants. Alternatively, if λ ą 0, the equations for pµ may be solved as

pµ “ ´
1

2λ 9xµ. (12.12)

When substituting in the equation for λ, one finds

9xµ 9xµ

4λ2 ` m2
“ 0 ðñ λ “

?
´ 9xν 9xν

2m . (12.13)

When substituting both of these equations into the equation for xµ, i.e., the first equation in (12.10), one
recovers the Lagrangian equations (12.6). It is in this sense that the Lagrangian equations (12.6) and the
first order equations (12.10) are equivalent. Finally, note also that the first order action (12.9) reduces to
the Lagrangian action (12.4) when substituting both (12.12) and (12.13).

The xµ can be considered as coordinates on Minkowski spacetime with metric ηµν “ diagp´1, 1, 1, 1q

that is used to lower indices. Its inverse is denoted by ηµν “ diagp´1, 1, 1, 1q, ηµνη
νρ “ δρ

µ and is used to
raise indices.

Poincaré transformations are defined by

x1µ
“ Λµ

νx
ν

` aµ, (12.14)

where the matrix Λµ
ν satisfies

Λµ
νηµσΛσ

ρ “ ηνρ ðñ ΛTηΛ “ η ðñ Λσ
νΛσ

ρ “ δρ
ν ðñ

`

Λσ
ρ

˘´1
“ Λσ

ρ, (12.15)

The transformations with Λµ
ν “ 0, x1µ “ xµ ` aµ are called translations, those with aµ “ 0, x1µ “ Λµ

νx
ν

Lorentz transformations.
For Poincaré transformations (that do not depend on τ ), the Lagrangian LP and thus the action SP is

invariant,
SP rx1µ

s “ Srxµ
s. (12.16)

As in the discussion of Galilean invariance, infinitesimal Lorentz transformations are of the form

Λµ
ν “ δµ

ν ` ωµ
ν ` Opω2

q, ωµν “ ´ωνµ, (12.17)
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and contain 6 parameters, while infinitesimal translations are characterized by aµ “ 0 ` αµ and contain 4
parameters. The associated infinitesimal Poincaré transformations on Minkowski spacetime are given by

δω,αx
µ

“ ωµ
νx

ν
` αµ. (12.18)

According to Noether’s theorem, there are 10 conserved quantitites given by

Kω,α “
BLP

B 9xµ
δω,αx

µ
“ m

9xµδω,αx
µ

?
´ 9xν 9xν

. (12.19)

The individual conserved quantities are denoted by P µ, Lµν ,

Kω,α “
1
2ωµνL

µν
` αµP

µ, (12.20)

and are explicitly given by

P µ
“ m

9xµ

?
´ 9xσ 9xσ

, Lµν
“ m

9xµxν ´ 9xνxµ

?
´ 9xσ 9xσ

. (12.21)

For several particles, one finds instead,

P µ
“

N
ÿ

a“1
mpaq

9xµ
a

a

´ 9xσ
a 9xσ,a

, Lµν
“

N
ÿ

a“1
mpaq

9xµ
ax

ν
a ´ 9xν

ax
µ
a

a

´ 9xσ
a 9xσ,a

. (12.22)

relativistic invariance, to be continued
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Chapter 13

Charged particle in electromagnetic field

A prerequisite for this chapter is the Lagrangian formulation of Maxwell’s equation using gauge poten-
tials.

13.1 Newtonian formulation
Empirical considerations have shown that the force that acts on a charged point particle under the influence
of an electromagnetic field is given by the Lorentz force,

F⃗ “ q
´

E⃗ ` 9⃗x ˆ B⃗
¯

. (13.1)

For a charged particle that moves at a non relativistic velocity v ! c, Newton’s second law thus implies

m:⃗x “ q
´

E⃗ ` 9⃗x ˆ B⃗
¯

. (13.2)

13.2 Lagrangian formulation
In order to derive the equations of motion (13.2) from a variational principle, one needs to describe the
electromagnetic fields in terms of potentials, ϕpxi, tq, A⃗pxi, tq.

B⃗ “ ∇⃗ ˆ A⃗, E⃗ “ ´BtA⃗ ´ ∇⃗ϕ, (13.3)

the appropriate Lagrangian is

L “
1
2m

9⃗x2
´ qϕ ` q 9⃗x ¨ A⃗ . (13.4)

Indeed, the associated Euler-Lagrange derivatives are

´
δL

δxi
“

d

dt

BL

B 9xi
´

BL

Bxi
“

d

dt
pm 9xi ` qAiq ` q

` Bϕ

Bxi
´ 9xj BAj

Bxi

˘

“ m:xi ` q
`BAi

Bxj
9xj

`
BAi

Bt

˘

` q
` Bϕ

Bxi
´ 9xj BAj

Bxi

˘

.

(13.5)

Re-organizing, the associated equations of motion are

m:xi “ q
`

BiAj ´ BjAi

˘

9xj
´ q

`

Biϕ ` BtAi

˘

“ qϵijkϵ
klm

BlAm 9xj
´ qpBiϕ ` BtAiq, (13.6)

which coincide with (13.2).
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13.3 Hamiltonian formulation
The canonical momenta are given by

pi “
BL

B 9xi
“ m 9xi ` qAi ðñ 9xi

“
1
m

ppi
´ qAi

q, (13.7)

while the Hamiltonian is

H “
“

pi 9xi
´ L

‰
ˇ

ˇ

9x“ 9xpx,pq
“

1
m

ppi
´ qAi

qpi ´
1

2mppi
´ qAi

qppi ´ qAiq ` qϕ´ q
1
m

ppi
´ qAi

qAi. (13.8)

After regrouping terms,

H “
1

2mppi
´ qAi

qppi ´ qAiq ` qϕ. (13.9)

In other words, as compared to the Hamiltonian of a free particle, H “ 1
2m
pipi, the Hamiltonian of a

charged particle in an electromagnetic field is obtained by adding the potential V “ qϕ and the so-called
rule of “minimal substitution”, pi Ñ pi ´ qAi.

Remarks:
(i) In the case of N particles with coordinates xi

a, mass ma and charge qa, the Lagrangian becomes

L “

N
ÿ

a“1

”1
2mpaq 9xi

a 9xai ´ qpaqϕpx⃗a, tq ` qpaq 9xi
aAipx⃗a, tq

ı

, (13.10)

while the Hamiltonian is given by

H “

N
ÿ

a“1

” 1
2mpaq

“

pi
a ´ qpaqA

i
px⃗a, tq

‰“

pai ´ qpaqAipx⃗a, tq
‰

` qpaqϕpx⃗a, tq
ı

. (13.11)

One may rewrite the action associated to the Lagrangian (13.10) as S “ SP `SI , where the action for
N free non-relativistic particles is given in (12.1), while

SI “

N
ÿ

a“1

”

´ qpaqϕpx⃗a, tq ` qpaq 9xi
aAipx⃗a, tq

ı

, (13.12)

which may be re-written as

SI “

ż

d4xAµpxqJµ
pxq, J0

“

N
ÿ

a“1
qpaqδ

p3q
px⃗ ´ x⃗aptqq, J i

“

N
ÿ

a“1

qpaq

c

dxi

dt
δp3q

px⃗ ´ x⃗aptqq, (13.13)

is the action that describes the interaction of the particles with the electromagnetic field.
(ii) In order to distinguish more clearly the coordinates on which the electromagnetic fields and poten-

tials depend from the position of the particles, it is often useful to change notation and describe the latter
by zi

a rather than xi
a.

(iii) In relativistic notation, the current may be written as

Jµ
“

N
ÿ

a“1

ż

dτ
qpaq

c

dxµ
a

dτ
δp4q

pxν
´ xν

apτqq, (13.14)

That this expression reduces to that in (13.13) can be seen as follows:
ż

dτ
qpaq

c

dxµ
a

dτ
δp4q

pxν
´ xν

apτqq “ ¨ ¨ ¨ “
qpaq

c

dxµ
a

dτ
δp3q

px⃗ ´ x⃗aq (13.15)
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where, in order to show the last equality, one uses the following property of the δ function,
ż

dxfpxqδpgpxqq “
fpx0q

|g1px0q|
, (13.16)

where gpxq is a monotonic function that vanishes in x0, gpx0q “ 0.
In this case, one needs to replace the action for the particles SP by that appropriate for relativistic

ones.
complete by using Felsager exercise 1.4.1 pages 20,28 and equation 1.34 in reverse.
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Chapter 14

To be added

geodesic motion on the surface of the sphere as introduction/application to the chapter “A Lagrangian of
sufficient generality”

mostly track 2 chapters

• Hamilton-Jacobi theory

• normal modes

• full proof of Frobenius theorem (inverse)

• Lagrangian approach to two body problem

• reduction of order and reduced variational principle “Routhian”, Lagrangian and Hamiltonian ver-
sion

• Maupertius, time-reparametrization invariance, apply to go from Lagrangan formulation of brachys-
tocrone problem, to one where the action becomes the time of fall

• more details on Lagrangian field theories and Poincaré invariance
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